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Improved heat transfer in composites consisting of guar gel matrix and randomly distributed glass microspheres is
extensively studied to predict the effective thermal conductivity of composites using the finite element method. In the
study, the proper and probabilistic three-dimensional random distribution of microspheres in the continuous matrix is
automatically generated by a simple and efficient random sequential adsorption algorithm which is developed by
considering the correlation of three factors including particle size, number of particles, and particle volume fraction
controlling the geometric configuration of random packing. Then the dependences of the effective thermal conductivity of
composite materials on some important factors are investigated numerically, including the particle volume fraction, the
particle spatial distribution, the number of particles, the nonuniformity of particle size, the particle dispersion morphology
and the thermal conductivity contrast between particle and matrix. The related numerical results are compared with
theoretical predictions and available experimental results to assess the validity of the numerical model. These results can
provide good guidance for the design of advanced microsphere reinforced composite materials.
Keywords: composite, guar gel matrix, glass microsphere, thermal conductivity, randomness.

1. INTRODUCTION∗
Improved heat transfer in composites containing
microspheres has received significant interest in the past
decades for potential engineering applications which
usually require higher or lower thermal conductivity than
pure matrix material [1 – 4]. For example, to improve
building energy efficiency, the spherically encapsulated
phase change material can be embedded into cement
material to form three-component composites [5 – 7]. Glass
microspheres with hollow structure have been employed to
increase the thermal insulation of composites with light
weight [8 – 12]. Metal powers were added into a polymer
matrix to fabricate composites with enhanced thermal
conductivity and better mechanical properties [13, 14].
Besides, solid glass beads have been employed as filler to
fabricate polymer composites without significant weight
increase [15, 16]. More recently, it was demonstrated that
the addition of glass beads to gel matrix can improve the
thermal properties of the composites over a large range of
filler volume fraction [17]. Thus, for the reason of thermal
conduction assessment during structure design, it is
necessary to understand how the particle influences the
thermal property, especially thermal conductivity, of
composites.
To predict the thermal conductivity of composite
materials consisting of matrix and microspheres, some
theoretical or empirical models, i.e. the series model [18],
the parallel model [18], the Maxwell model [18, 19], and the
Lewis-Nielsen model [20], have been developed and most
of them are based on the regular distribution assumption of
∗
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microsphere in the matrix. However, it is difficult to keep
the microspheres uniformly dispersed in the matrix in
practical fabrication, as indicated in literature [8] and [21].
Thus, these theoretical models may not be suitable for
randomly distributed microspheres. Moreover, the strong
interaction between randomly dispersed microspheres
greatly affects the thermal distribution in composites and
then may influence the overall thermal conductivity of the
composite. Such influences can’t be fully characterized by
the theoretical models. Therefore, the numerical prediction,
mainly by finite element method, can be employed to
provide a more flexible way for understanding complex heat
transfer mechanisms in realistic random composites [22].
Currently, the major challenge is to establish a proper
random composite model in which the random arrangement
of microspheres is close to the real status, and then
numerically and quantitatively predict the effective thermal
conductivity of composite by considering several important
microstructure factors including the thermal conductivity
contrast of microsphere and matrix, the microsphere volume
fraction, the number of microspheres, the microsphere size
distribution and the microsphere dispersion morphology
(degree of mixing).
This paper aims to study improved thermal transfer in
composite consisting of guar gel matrix and solid glass
microsphere by (1) developing a simple and efficient
random sequential adsorption (RSA)-based algorithm to
automatically generate a series of three-dimensional random
arrangements of solid microspheres in the representative
unit cell, with the predefined controlling geometric
parameters including the microsphere volume fraction, the

number of microspheres and the microsphere size; (2)
simulating thermal flow through the generated threedimensional random composite model by finite element
method; (3) rigorously analyzing the influence of several
important factors to the thermal conductivity of random
composite; and (4) assessing the validity of available
theoretical predictions by comparing to numerical and
experimental results. The results could guide for the
application of solid glass microsphere filled guar gel-matrix
composites.

stand for the distance of central points of any two
microspheres and their minimum value, respectively.

2. GENERATION OF RANDOM
DISTRIBUTION OF MICROSPHERES
The guar gel composites filled with glass microspheres
that have been experimentally investigated in the first work
by Charson [17] are taken as target materials in this study.
Because the bulk physical properties of the composites have
been revealed to be strongly dependent on their
microstructures, the corresponding composite models need
to be constructed critically on the level of microstructure.
Particularly, the reconstruction of microstructure can be
accomplished by the numerical algorithms [23 – 28] or the
X-ray CT (computed tomography) scanning system [29],
which usually involves complex digital image techniques
and special device. In this study, three-dimensional random
distribution of glass microspheres in a square domain is
generated by the simple RSA algorithm [23] to produce a
unit cell model mimicking the real morphology of
microspheres in the matrix. The algorithm is programmed
by following the three steps:
Step 1: the side length of the cubic unit cell is evaluated
using of the following correlation of the microsphere
volume fraction, the number of microspheres, the
microsphere size and the cubic unit cell size as
vp =

n p × 4π rp 3
3a

3

⇒ a = rp ⋅ 3

n p × 4π
3v p

,

(1)

where 𝑣𝑣𝑝𝑝 is the occupied volume fraction of microspheres,
𝑛𝑛𝑝𝑝 denotes the number of microspheres with identical size,
𝑟𝑟𝑝𝑝 represents the radius of the microsphere and 𝑎𝑎 is the side
length of the unit cell. Here, it is assumed that the
microspheres have identical size for the sake of
convenience.
Step 2: the location of each microsphere in the unit cell
is randomly generated using a random number generator. It
is assumed that (1) the microspheres don’t overlap each
other; (2) the microspheres don’t intersect with the
boundary faces of the unit cell. These restrictions simplify
the evaluation of the microsphere volume fraction, and more
importantly, they may be beneficial to create an adequate
finite element mesh [10]. These control conditions can be
represented by the following expressions (see Fig. 1):

[ xc , y=
rand(1,3) × (a − 2rp ) + rp ;
c , zc ]

(2)

d > d min =
2rp ,

(3)

where (𝑥𝑥𝑐𝑐 , 𝑦𝑦𝑐𝑐 , 𝑧𝑧𝑐𝑐 ) are Cartesian coordinates of each
microsphere center and the rand is a random number
generator in the range of (0.1) in MATLAB. 𝑑𝑑 and 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚

Fig. 1. Schematic diagram of the procedure of generating
randomly dispersed microspheres in a cubic

Step 3: repeating Step 2 until no microsphere can be
added into the unit cell.
To demonstrate this present algorithm, series random
geometric models are generated in Fig. 2, in which the
microsphere radius is uniformly taken as 1.75 mm, the
number of microspheres is set to be 100, which is
sufficiently high to make desired random composite models
[30] and the microsphere volume fraction changes from 5 %
to 30 %.

a

b

c

d

Fig. 2. Random arrangements of 100 spherical particles in the unit
cell with various filler volume fractions: a – 𝑣𝑣𝑝𝑝 = 5 %;
b – 𝑣𝑣𝑝𝑝 = 10 %; c – 𝑣𝑣𝑝𝑝 = 20 %; d – 𝑣𝑣𝑝𝑝 = 30 %

It is worth noting that the intersection check during the
running of the algorithm will greatly increase computational
time for increased filler volume fraction. Hence, the
generated models are limited to filler volume fraction up to
30 %, which is a medium value for the 3D case. The
corresponding Matlab code is given in the Appendix for
reference. Additionally, the random models related to the
different numbers of fillers are shown in Fig. 3 in which the
filler volume fraction is assumed as 10 %. From Fig. 2 and
Fig. 3, it can be indicated that the present algorithm is

efficient to produce random distributions of microspheres in
the cubic unit cell by setting the filler size, the filler volume
fraction, and the number of fillers.

particle and the matrix material. ∇2 represents the Laplacian
operator.
These governing equations have to be coupled with the
specified boundary conditions to make the problem
solvable. In Fig. 4, the different temperatures 𝑇𝑇1 and 𝑇𝑇2 are
imposed respectively on the opposite faces of the unit cell
located at 𝑥𝑥 = 0 and 𝑥𝑥 = 𝑎𝑎 , and other surfaces keep
insulated, so that the heat conduction in the unit cell mainly
takes place along the x-direction. Hence, the specified
boundary conditions for the unit cell can be described as

=
T
T=
T
T2 ,
,

(5)
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where 𝑞𝑞𝑦𝑦 and 𝑞𝑞𝑧𝑧 denote the heat flux component along the
y- and z-direction, respectively, and are given by Fourier’s
law:

∂T
∂T
qy =
−km m ,
qz =
−km m .
∂y
∂z

c

Besides, the continuous conditions at the interface of
microsphere and matrix can be written as

d

∂Tp
∂T
Fig. 3. Random arrangements of 10 % spherical particles
in the
,
km m k=
Tm Tp ,
=
p
unit cell with the different numbers of spheres:
∂n
∂n
a – 𝑛𝑛𝑝𝑝 = 100; b – 𝑛𝑛𝑝𝑝 = 200; c – 𝑛𝑛𝑝𝑝 = 300; d – 𝑛𝑛𝑝𝑝 = 400

3. COMPUTATIONAL MODELING

In this study, we aim to investigate the effective thermal
conductivity of microsphere reinforced composite materials
represented by the generated random models. Fig. 4
displays a random model consisting of randomly dispersed
microspheres and matrix. It is assumed that (1) all material
components are isotropic and homogeneous; (2) there is no
heat generation in the unit cell, and (3) the interfacial contact
resistance between the microsphere and the matrix is
neglected.

Fig. 4. Schematic diagram of transverse heat transfer in a unit cell
containing randomly dispersed spherical particles

Under the above assumptions, the three-dimensional
steady-state heat conduction in this two-phase composite
model can be governed by the following partial differential
equations [34]:
∇ 2=
Tm 0

(4)

where 𝑇𝑇𝑝𝑝 and 𝑇𝑇𝑚𝑚 are local temperature in the spherical

(8)

where n is the unit normal vector to the matrix/sphere
interface.
Solving the system described by Eq. 5, and Eq. 8 by the
finite element simulation, the thermal flow and the
temperature distribution in the unit cell can be obtained.
Then, the effective thermal conductivity of composite
material along the x-direction can be evaluated by

keff = −

q x a
,
∆T

(9)

where ∆𝑇𝑇 = 𝑇𝑇2 − 𝑇𝑇1 is the temperature difference and the
area-averaged heat flux

q x =

∇ 2=
Tp 0,

(7)

1
qx ( x, y, z )dA .
A ∫A

(10)

with the real heat flux component 𝑞𝑞𝑥𝑥 in the x-direction, 𝐴𝐴 is
the area of a selected cross-section perpendicular to the xdirection. Theoretically, any cross-section between x = 0
and x = a can be chosen for evaluating 𝑞𝑞�𝑥𝑥 , here the right face
x = a is typically chosen in the practical computation [4].
In this study, the glass beads with a diameter of 3.5 mm
were randomly dispersed in the guar gel matrix to form the
two-phase composite material in literature [17], in which the
matrix was made by mixing 4 % (mass basis) guar gel
powder and 96 % water. The related material properties of
filler and matrix are listed in Table 1.
Table 1. The related material properties of filler and matrix [17]
Material
Glass bead
Guar gel

Density,
kg/m3
2520
1015

Specific heat
capacity,
J/kg K
800
4150

Thermal
conductivity,
W/m K
1.1
0.57

4. THEORETICAL MODELS
Numerous theoretical models have been developed over
the past decades for predicting the effective thermal
conductivity of two-phase composite material consisting of
spherical particle and matrix. In Table 2, some of these
models are summarized for comparison. Based on the
electric-thermal analog concept, the Series and Parallel
models were derived by assuming that each material phase
in the composite is arranged along the direction parallel or
perpendicular to the heat flow direction and thus can give
the lower and upper bounds of the effective thermal
conductivity of the two-phase heterogeneous composite
materials [18]. The Maxwell model assumed the distance
between spherical inclusions was far larger than the sphere
size, and then derived heat conduction through the medium
in spherical coordinates under the given far-field
temperature gradient [19]. The Lewis-Nielsen model was
approximately given base on a vast amount of experimental
data available on thermal conductivity of particle reinforced
composites [20]. Undoubtedly, these theoretical models
give effective thermal conductivity as a function of the
particle volume fraction.

𝑞𝑞�𝑥𝑥 as the number of degrees of freedom (DOFs) of nodes
increases.

Fig. 5. Randomly dispersed spherical particles in the unit cell with
30 % filler volume fraction

Table 2. Some theoretical models for microsphere reinforced
composites
Model

Expression

km k p

Series [18]

keff =

Parallel [18]

keff = k p v p + km (1 − v p )

Maxwell [19]

keff = km

km v p + k p vm

keff = km
Lewis-Nielsen
[20]

Fig. 6. Mesh configurations of the matrix (left) and the spherical
particles (right)

2 + k p / km − 2(1 − k p / km )v p
2 + k p / km + (1 − k p / km )v p

1 + ABv p
1 − BCv p

with A = 1.5 for rigid shpere
k p / km − 1
B=
,
k p / km + A
C = 1 + 1.323v p

5. RESULTS AND DISCUSSION
Fig. 7. Convergence investigation for different mesh densities

5.1. Mesh convergence
In the present work, the composite model established in
the previous section is solved with linear tetrahedral finite
element discretization. The mesh convergence is guaranteed
by requiring that the relative difference in the predicted
area-averaged heat flux 𝑞𝑞�𝑥𝑥 evaluated in Eq. 10 between two
adjacent mesh densities characterized by the number of
finite elements or nodes is less than 0.05 %.
During the convergence investigation, a unit cell
containing 100 randomly distributed spherical particles is
simulated with the imposed temperature conditions
𝑇𝑇1 =400 K and 𝑇𝑇2 = 300 K , as indicated in Fig. 5. The filler
volume fraction is assumed to be 30 %. Fig. 6 shows a
typical mesh division of the matrix and the spherical
particles using 403493 tetrahedral elements. Fig. 7 indicates
the variation of the predicted local area-averaged heat flux

It is indicated from Fig. 7 that a converged result can
be reached when the number of nodes increases to 80222.
Besides, the distributions of temperature and heat flux
component 𝑞𝑞𝑥𝑥 on the mid-plane particular to the z-direction
in the unit cell are plotted in Fig. 8. It is found from Fig. 8 a
that the existence of a microsphere significantly changes the
temperature distribution which becomes nonlinear in the
unit cell domain. Moreover, the temperature gradient in the
sphere and surrounding region is smaller than that in the
matrix. For the heat flux shown in Fig. 8 b, in which the
arrow represents the direction of heat flux and the thickness
represents the intensity of heat flux, it can be seen that
around the spherical particle, the thermal flow will converge
and enhance. This can be attributed to the much higher
thermal conductivity of glass beads than that of the Guar gel
matrix. The thermal flow is usually collected to the particle

region with smaller heat resistance and can reach up to the
maximum at the particle.
Especially, when the thermal conductivity of particle is
set to be the same as that of the matrix, the linear heat
conduction along the x-direction is expected under the
specific boundary conditions, and the predicted areaaveraged heat flux 𝑞𝑞�𝑥𝑥 is approximately equal to the exact
solution 𝑘𝑘𝑚𝑚 (𝑇𝑇1 − 𝑇𝑇2 )/𝑎𝑎, as expected. Therefore, it can be
concluded that the finite element model established for the
random composite is validated.

locate between them. Besides, the numerical results display
similar behavior to the Maxwell model in the specific range
of particle volume fraction. More importantly, it is observed
that the numerical and theoretical results are all
overestimated to the experiment results, but the predictions
from the series model fit the experimental results better than
others. The main reason is that the contact among spheres is
neglected for both the numerical prediction and the other
theoretical predictions. The particles in practice can touch
and form thermal conductive chains. A similar conclusion
was also obtained by Qiao et.al. [21].

Fig. 9. Effective thermal conductivity of composite as a function
of the particle volume fraction

5.3. Effect of random packing arrangement

Fig. 8. a – temperature; b – heat flux distributions on the mid-plane
particular to the x-direction of the unit cell

5.2. Effect of particle volume fraction
To examine the influence of particle volume fraction on
the effective thermal conductivity of composite, thermal
simulation is performed on a total of six composite unit cell
models generated with the present random algorithm. The
particle volume fraction is assumed to be ranged from 5 %
to 30 %, and the number of particles is set to be 100. The
sphere size keeps constant 𝑟𝑟𝑝𝑝 = 1.75 mm). With
𝑘𝑘𝑚𝑚 = 0.57 W/m K and 𝑘𝑘𝑝𝑝 = 1.1 W/m K, Fig. 9 shows the
effective thermal conductivity 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 of composites with
randomly packed microspheres, and it is indicated that 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒
is strongly dependent on the particle volume fraction and
increases with the increase of 𝑣𝑣𝑝𝑝 nonlinearly. Additionally,
the predicted results from the theoretical models and the
experiment [17] are also provided in Fig. 9 for comparison.
The error bars in Fig. 9 are based on the estimated
uncertainty in the effective thermal conductivity data of
±5% . It is observed from Fig. 9 that the theoretical
predictions from the series and parallel models form the
lower and upper limits to the effective thermal conductivity,
and the numerical results and other theoretical predictions
from the Lewis-Nielsen model and the Maxwell model

Due to the real randomness of each particle position,
each run of the present algorithm may generate a different
packing arrangement of particles, even if the controlling
parameters 𝑣𝑣𝑝𝑝 , 𝑛𝑛𝑝𝑝 and 𝑟𝑟𝑝𝑝 keep unchanged. Thus, it is
necessary to investigate the effect of dispersion of spheres
on the effective thermal conductivity 𝑘𝑘𝑚𝑚 . For this aim, two
different arrangements are generated for each value of
𝑣𝑣𝑝𝑝 based on the same conditions 𝑛𝑛𝑝𝑝 = 100, 𝑟𝑟 = 1.35 mm.
For example, Fig. 10 shows the two random configurations
for the case of 𝑣𝑣𝑝𝑝 = 30%.

Configuration 1

Configuration 2

Fig. 10. Two different particle arrangements generated under the
same predefined parameters

Using the finite element analysis, the effective thermal
conductivity 𝑘𝑘𝑚𝑚 of composites can be evaluated, as
tabulated in gray in Table 3. It is found that the two different
random packing arrangements give almost same results.
Therefore, it can be concluded that the effective thermal

conductivity of composite is almost independent of the
variation of random particle arrangement. A similar
conclusion was drawn for the three-component composites
consisting of matrix, PCM core and solid shell in literature
[5].
Table 3. Effective thermal conductivity (W/m K) of composites
for different random particle arrangements
𝑣𝑣𝑝𝑝
5%
10 %
15 %
20 %
25 %
30 %

Configuration 1
0.5910
0.6117
0.6340
0.6561
0.6794
0.7018

Configuration 2
0.5879
0.6118
0.6333
0.6563
0.6787
0.7030

5.4. Effect of the number of particles
Under the given sphere volume fraction and sphere size,
the size of the unit cell is only related to the number of
spheres inside it. To illustrate this, we limit the spherical
radius to be 1.75 mm and permit the filler volume fraction
to change from 5 % to 30 %. The resulted effective thermal
conductivity shown in gray is given in Table 4, from which
it is indicated that the number of spheres in the unit cell has
a slight effect on the composite thermal conductivity.
Table 4. Effective thermal conductivity (W/m K) of composites
for various numbers of spheres
𝑛𝑛𝑝𝑝
𝑣𝑣𝑝𝑝
5%
10%
15%
20%
25%
30%

55

65

75

100

200

300

0.5910
0.6120
0.6337
0.6556
0.6792
0.7023

0.5909
0.6117
0.6336
0.6553
0.6785
0.7010

0.5909
0.6119
0.6334
0.6562
0.6798
0.7027

0.5910
0.6117
0.6340
0.6561
0.6794
0.7018

0.5906
0.6119
0.6338
0.6564
0.6782
0.7026

0.5908
0.6119
0.6336
0.6560
0.6794
0.7024

Fig. 11. Unit cell containing two types of particle size

5.6. Effect of constituent thermal conductivity
contrast
Fig. 12 plots the effective thermal conductivity 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 of
a composite material containing 100 randomly dispersed
spheres as a function of sphere thermal conductivity 𝑘𝑘𝑝𝑝
ranging from 0.001 to 0.5 W/m K for 30 % filler volume
fraction. The thermal conductivity 𝑘𝑘𝑚𝑚 of matrix keeps
0.57 W/m K unchanged. The particle size is 𝑟𝑟𝑝𝑝 = 1.75 mm.
The results in Fig. 12 clearly demonstrate that the numerical
predictions of 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 /𝑘𝑘𝑚𝑚 is a nonlinear function of the
material ratio 𝑘𝑘𝑝𝑝 /𝑘𝑘𝑚𝑚 . Such nonlinearity can be explained by
the analytical Maxwell model, which is rewritten as

keff
km

=

2 − 2v p + (1 + 2v p )k p / km
2 + v p + (1 − v p )k p / km

(12)

5.5. Effect of particle size
The realistic particle size is non-uniform [5, 16, 17, 31].
Thus, considering the effect of nonuniform particle size is
necessary to incorporate the actual particle size distribution.
To do this, Eq. 1 should be revised as

4π m
v p = 3 × ∑ (nip × rpi 3 ) ,
3a i =1

(11)

where 𝑛𝑛𝑝𝑝𝑖𝑖 is the number of particles with a radius 𝑟𝑟𝑝𝑝𝑖𝑖 , and m
is the total number of size distributions. Here, for the sake
of convenience, only two particle sizes are considered, i.e.
𝑟𝑟𝑝𝑝1 = 1.75 mm and 𝑟𝑟𝑝𝑝2 = 5 mm, and each size corresponds
to 50 spherical particles. If the particle volume fraction is
30%, the side length of the unit cell is evaluated from Eq. 11
as 44.9807 mm. Fig. 11 shows the generated computational
composite model containing the two types of particles size.
Compared to the numerical prediction (0.7018 W/m K in
Table 4) of 100 particles with a uniform radius of 1.75 mm,
the effective thermal conductivity 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 of such composite
containing differently sized particles is 0.7020 W/m K.
Thus, the effect of nonuniformity of particle size can be
ignored in practice.

Fig. 12. Effective thermal conductivity of composites for various
values of thermal conductivity contrast

6. CONCLUSIONS
In this study, the three-dimensional random model of
randomly-dispersed glass microsphere reinforced guar gel
matrix composite is developed by the present random
algorithm and then a comprehensive study on the influences
of some controlling parameters on the improved effective
thermal conductivity of composites is carried out by finite
element simulation. The numerical results show that:
1. the present RSA-based algorithm is simple and efficient
to produce random distribution of particles in a unit cell
with specific filler volume content up to 30% or higher;

2.

3.

4.

the improved thermal conductivity of composites
strongly depends on the filler volume fraction and the
thermal conductivity contrast between particle and
matrix, rather than the particle numbers, the particle
random packing arrangement and the dispersion of
particle size;
the present computational predictions are very close to
the Maxwell model and both of them are always higher
than the experimental results;
The series model fit the experimental results better than
others.

4.

5.

6.
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Appendix 1. Matlab code for generating random
distribution of spheres in the cubic unit cell
function Coord=SphereCenter(vp,rp,np)
%The generation of random spheres in a cubic
% vp: particle volume fraction
% rp: radius of each particle
% np: number of particles
s=(((4/3)*pi*np)/vp)^(1/3)*rp; % Side length of
unit cell
Coord1=rand(1,3)*(s-2*rp)+rp; % First random
coordinates
dmin=2*rp;
m=1; % Counter
while m<np
Coord=rand(1,3)*(s-2*rp)+rp; % Produce new
coordinates
dist=sqrt(sum((Coord-Coord1).^2,2)); %
Distance
if dist>dmin
m=m+1;
Coord1=[Coord1;Coord];
end
end
% Output data
fp=fopen('SphereCenter.txt','wt');
for ip=1:np
xp=Coord1(ip,1);
yp=Coord1(ip,2);
zp=Coord1(ip,3);
fprintf(fp,'%10.8e, %10.8e,
%10.8e\n',xp,yp,zp);
end
fclose(fp);
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