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The oxygen vacancies (VO) play an essential role in the gas-sensing mechanism of semiconductor devices. A diffusion 

equation is established to describe the VO behaviors during a cooling process based on the model of gradient-distributed 

oxygen vacancies. Numerical solutions of the diffusion equation are found to illustrate the VO distribution in grains. The 

gradient of VO distribution is of negative dependence on the cooling rate, which also influences the average VO density in 

the depletion layer. The migration of oxygen vacancies in cooling process could be interrupted by quenching and it is 

restarted by the re-annealing process. The VO distributing process is illustrated by three stages from initial uniform 

distribution to final gradient profile via a transient stage. The influence of VO distribution on gas-sensing characteristics 

of semiconductor grains is discussed. Potential opportunities are found to control the gas sensor characteristics by a 

designed annealing process. 
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1. INTRODUCTION 

Semiconductors are the one of the most popular 

research topics in recent decades because of their 

importance in preventing people from danger [1 – 3]. A 

semiconductor gas sensor detects stimulant gases by 

changing its resistance, which decreases in reducing gases 

but increases in oxidizing gases. The gas detection is 

completed by the reaction between reducing gas and 

adsorbed oxygen, or the competitive adsorption between 

adsorbed oxygen and oxidizing gas [4, 5]. The adsorbed 

oxygen species come from the aerial oxygen, which 

interacts with the oxygen vacancy (VO) sites on the grain 

surface, capturing free electrons in the grain and leaving a 

depletion layer near grain surface [6]. Stoichiometric 

semiconductors are always insulative but they have 

semiconductive nature after the ionization of VO, which 

results from the release of oxygen atom from crystal lattice 

during sintering [7, 8]. Therefore, the behaviors of oxygen 

vacancies are essential questions in the gas-sensing 

mechanism of semiconductors.  

It has been proved that oxygen atoms may escape from 

the lattice at a certain temperature, leaving oxygen 

vacancies in the grain [9]. The formation of oxygen defects 

usually takes place during sintering, in which the oxygen 

atom escapes from the crystal lattice according to Eq. 1, 
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where OO
× represents the oxygen atom at O site and VO

× is 

the symbol of the oxygen vacancy. 
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The model of gradient-distributed oxygen vacancies 

was proposed for the SnO2 thin film gas sensors [10 – 12]. 

As described in these previous works, VO are involved into 

the grain when it grows up during the sintering. The defects 

would migrate during thermal vibration if the temperature is 

above absolute zero K. The migration includes VO behaviors 

of diffusion and exclusion. The density gradient may lead to 

diffusion of the defects provided that the temperature is 

above the absolute zero K, following the Fick’s second law. 

In another aspect, the cooling process may provide an 

excluding tendency to the defects because the crystal lattice 

is stable if it is free of defects [13, 14]. Thus, the VO 

diffusion equation in the cooling process may be 

established, as Eq. 2: 
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where NV(r,t) represents the VO density at the place of r and 

time of t in an ideal spherical grain, in which a sphere 

coordinates is established. Considering the symmetry of the 

sphere coordinates, only one-dimensional model is 

considered, as shown in Fig. 1. The first term of right side 

of the diffusion equation indicates the diffusion effect, 

which is expressed by the Fick’s second law. DV(t) is the 

temperature dependent diffusion coefficient and it is 

formulated as Eq. 3: 
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where D0 is the pre-exponent constant and ED is activated 

energy of diffusion. k is the Boltzmann constant. T0 is the 
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initial temperature when the cooling process starts. β is the 

cooling rate and t is the time elapsed in the cooling process. 

 

Fig. 1. Schematic drawing of the sphere coordinates in an ideal 

semiconductive grain with oxygen vacancies and their 

kinetics of diffusion and exclusion 

The other term of right side of the diffusion equation 

denotes the exclusion effect. P is the probability of the 

exclusion for a defect moving outwards to a nearby position 

in unit time and it can be formulated as Eq. 4:  
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where ν0 is the thermal vibration frequency of the oxygen 

atom; Eφ represents the activated energy of defect 

migration; and E0 is the unit energy decrease of the system 

that results from the one-step exclusion of defects. 

Therefore, the diffusion equation of Eq. 2 can be rewritten 

as Eq. 5, for which the analytical solution is not available. 

2

0 2

0

0

0

0

( , )
exp[ ]

( )( , )

exp[ ] ( , )
( )

D V

V

V

E N r t
D

k T t rN r t

E Et
N r t

k T t








 
 

   
  

   
  

. (5) 

In the present work, numerical methods are introduced 

in order to find the diffusion equation solutions, which may 

reveal the relationships among the parameters. The 

influences of cooling rate on the distribution of oxygen 

vacancies are discussed. The effect of annealing is revealed 

by comparing the defect distributions in quenched sample 

before and after annealing. The transient of the VO 

distribution in the cooling process is also discussed. 

2. METHODS 

The computational tool of MATLAB R2014a 

(8.3.0.532) is used in order to find the numerical solution of 

the diffusion equation of Eq. 5. A discrete NV(r,t) is 

established in the array of NV(i,j), which comes from 

NV(r,t)=NV(iΔr, jΔt), where Δr and Δt are the infinite small 

fragments in space and time. After two one-dimensional 

arrays of DV(j) and P(j) are established, Eq. 6 can be 

obtained. 
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Eq. 6 tells how the VO density at a point changes after a 

time of Δt elapses under the effects of diffusion and 

exclusion from nearby positions. The initial condition that 

NV=0.5NVS is used with the presumption of uniform VO 

distribution throughout the grain. The boundary conditions 

contain two parts. The first one is the presumed constant VO 

density on grain surface (NVS). The second one is 

dNV(r)/dr = 0 at the center, meaning that the VO distribution 

is symmetrical in the grain. Thus, by using the discrete 

boundary conditions of Eq.7, the numerical solution is 

obtained in order to provide possibility to discuss the 

relationships among several fundamental parameters that 

determine the gas-sensing characteristics of semiconductor 

grains. 
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where NVS is the VO density at the grain surface.  

The obtained VO distribution in the grain could be used 

to calculate the electrical properties of semiconductor grains 

if the defects are assumed to be first-order ionized, 

according to Poisson’s equation as Eq. 8: 
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where ε is the permittivity and w is the depletion layer width. 

Then, potential for electrons (V) is obtained by using the 

boundary conditions of V(w) = 0 and dV(w)/dx = 0. Thus, 

the reduced resistance (R/R0) is exponential to the potential 

barrier height at grain surface (qVS), which equals to qV(0), 

as expressed in Eq. 9: 

0

exp( )SR qV

R kT
 , (9) 

where R0 is the flat-band resistance and T is the operating 

temperature. The sensor response (S) to reducing gas is 

defined as the ratio of the resistance in air (Ra) to the one in 

a reducing target gas (Rg), as S = Ra/Rg. When the grain is 

exposed to reducing gases, the adsorbed oxygen on grain 

surface is consumed by reducing gas molecules. Parts of the 

electrons, which are used to be captured by the adsorbed 

oxygen, are released back to the depletion layer, lowered 

grain resistance. The parameter of α is used to indicate the 

proportion of the captured electrons that are released back 

to depletion layer after gas exposure. In the one-dimensional 

model, the depletion layer width after gas exposure could be 

expressed as wg = (1-α)w. Therefore, the sensor response 

could be calculated. In the following calculations, the 

parameters are set as follows:  

D0 = 0.0431 m2/s [15],  

ED = 2.7 eV [15], 

ν0 = 1014 s-1 [16], 

ε = 10-10 F/m [17], 

w = 4 nm [8], 
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α = 0.5, RC = 25 nm, T0 = 823 K and ED- Eφ + E0 = 0.1 eV 

[12]. 

3. RESULTS 

The influence of cooling rate on the gradient 

distribution profile of oxygen vacancies in a 25 nm 

semiconductor grain is shown in Fig. 2.  

 

Fig. 2. Influence of cooling rate on the gradient distribution profile 

of oxygen vacancies in semiconductor grain with radius of 

25 nm 

The VO has various distribution profiles that determined 

by the cooling rate. For the quenched sample with the largest 

cooling rate of 3600 °C/h, the initial VO does not have 

sufficient time to migrate. So they are frozen at the place 

where they are at the starting of the cooling process, leaving 

a nearly uniform distribution throughout the grain except the 

region near the surface. For the slowly-cooled sample, the 

initial VO migrates under the effect of diffusion and 

exclusion, forming a gradient distribution in the grain. The 

gradient is dependent on the cooling rate, which has a 

negative relationship with each other. 

Fig. 3 shows the influence of cooling rate on the steady 

state VO density at the center of grain, where the defect 

density is the smallest throughout the grain.  

 

Fig. 3. The relationship between cooling rate and steady state 

oxygen vacancy density at the center of grain 

It controls the density difference between the surface 

and center. Within the cooling rate concerned, there are two 

regions where the vacancy density has the linear correlation 

with the cooling rate. One is β = 1 – 200 °C/h and the other 

is β = 400 – 1000 °C/h. It infers that the VO gradient can be 

easily controlled by the cooling rate in the two regions 

mentioned above. 

 

Fig. 4. The influence of cooling rate on the average oxygen 

vacancy density in the depletion layer of semiconductor 

grain 

The gas-sensing characteristics of semiconductor grain 

are determined by the ionized donors, acted by the oxygen 

vacancies, in the depletion layer. The influence of cooling 

rate on the average VO density in the depletion layer is 

revealed in Fig. 4. For the quenched sample, the average VO 

density is rather low so that it performed a little response to 

the stimulant gas [12]. Along with the decrease of cooling 

rate, the VO amount in depletion layer dramatically 

increases until it reaches the peak at β = 600 °C/h. Then, it 

has a slight decrease with the cooling rate. Considering the 

determination of VO amount in depletion layer on the sensor 

performances, it is possible to control the sensor properties 

by adjusting the cooling rate in the fabrication process, in 

which an optimized cooling rate may be found. A designed 

fabrication process may be completed by controlling the 

cooling rate and time for an expected VO distribution as well 

as gas-sensing characteristics of sensors. 

 

Fig. 5. The re-annealing effect of steady state oxygen vacancy 

distribution profile in a semiconductor grain, which is 

quenched with β = 3600 °C/h and then re-annealed with 

β = 25 °C/h 

The re-annealing effect is discussed based on the 

simulation results in Fig. 5. For a normal sintered grain, the 

VO distribution is shown as Fig. 5 a after a cooling rate of 

25 °C/h is conducted. Meanwhile, the vacancy distribution 

for a quenched grain is shown as Fig. 5 b if the cooling rate 

of 3600 °C/h is used. However, if a re-annealing process 
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with cooling rate of 25 °C/h is employed to the quenched 

grain, the final vacancy distribution, Fig. 5 c, is found to be 

the same as the normal sintered one. It indicates that the fast 

cooling process interrupts the VO migration and the re-

annealing process restarts it again. This conclusion provides 

potential opportunities to adjust the properties of an existing 

semiconductor gas sensor by a designed annealing process. 

For instance, after a long-term usage with repeated heating, 

a gas sensor may fail to remain its consistency in sensor 

characteristics, which usually degraded to a low level. 

Based on the discussions above, the sensor could be 

recovered by using the re-annealing technique, which 

provides a re-distribution of oxygen vacancies and therefore 

adjusts the sensor properties.  

The transient distribution of oxygen vacancies in a 

semiconductor grain during the cooling process is illustrated 

in Fig. 6 according to the numerical solution of Eq. 5, in 

which RC = 25 nm and β = 100 °C/h. The initial uniform VO 

distribution is driven to distribute in a gradient profile. It 

describes that the distribution of oxygen vacancies 

experiences three stages in the cooling process. At the 

starting stage, the VO density is uniform throughout the 

grain. Then, the VO migrates under the effects of diffusion 

and exclusion at the transient stage. Finally, the distribution 

reaches the steady state in a gradient profile. 

 

Fig. 6. Time-dependent oxygen vacancy distribution in a 25 nm 

semiconductor grain from initial uniform distribution to 

steady state gradient distribution 

 

Fig. 7. Influences of cooling rate on the gas-sensing characteristics 

of resistance and response to reducing gas at the operating 

temperature of 25 °C 

The calculated gas-sensing characteristics of the 

semiconductor grain with radius of 25 nm at the operating 

temperature of 25 °C are shown in Fig. 7. It is observed that 

the reduced resistance (R/R0) and response to reducing gas 

(S) increase with cooling rate before they reach the 

maximum at β = 600 °C/h. Then, both of the sensor 

properties appear dramatic decreases when fast cooling is 

conducted. The correlations are in agreement with the 

average VO density in the depletion layer. Thus, the sensor 

performances could be controlled by the VO distribution, 

which is determined by the cooling rate in the fabrication 

process. 

4. DISCUSSION 

The gas-sensing mechanism of semiconductors is 

divided into three levels, namely the receptor function, the 

transducer function and the utility factor [18]. The receptor 

function is the most essential one, which describes how a 

single grain respond to a stimulant gas. It includes several 

topics, such as the adsorbed oxygen, the depletion layer, the 

power law as well as the oxygen vacancy behavior. 

According to the results above, the behaviors of VO in the 

cooling process comprises formation and migration, which 

is completed under the effects of diffusion and exclusion. 

The VO distribution in the semiconductor grain is controlled 

by the cooling rate and determines the gas-sensing 

characteristics. The diffusion equation for VO migration is 

established and numerical solutions are found. The 

calculation results provide mathematical contributions to 

the receptor function of gas-sensing mechanism of 

semiconductors. 

While focusing on the receptor function, the present 

work uses Schottky barrier model as transducer function to 

calculate the gas-sensing characteristics of semiconductor 

grains. However, an actual sensor body is an assembly of 

tiny semiconductor grains, meaning that the utility factor is 

needed in the evaluation of sensor performances. Further 

researches could be made by incorporating the gas-diffusion 

theory [19, 20] into the present model for a comprehensive 

simulation of actual sensor properties. 

In the calculation, there are several presumptions, 

which need to be discussed. First, the present one-

dimensional model is different from the 3D grains in actual 

sensors. In the modeling, an actual grain is assumed to be an 

ideal sphere. Considering the symmetry of the sphere model, 

the one-dimensional model is used for simplification in 

calculation, which may bring derivation to the results. 

Fortunately, the effects of grain shape have been formulated. 

The expressions in one-dimensional model could be 

modified by incorporating shape factors [21, 22]. Therefore, 

the present model has the potential to be applied in actual 

three-dimensional grains. 

Furthermore, the total amount of VO in the grain should 

be a dynamic parameter during the cooling process, which 

provides an excluding tendency to the defects. However, the 

exclusion may result in VO gradient in distribution and lead 

to diffusion from surface to center. Hence, the decrease in 

VO total amount is countered due to the diffusion. It is noted 

that the VO in the grain bulk and on the grain surface may 

change with each other under the thermodynamics. Also, the 

VO on the surface may interact with aerial atmosphere and 

change the value of NVS. However, there is few studies on 

surface VO, which has not been mathematically described 
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yet. Thus, a constant NVS value is used as one of the 

boundary conditions to find numerical solutions. Further 

studies in quantitative manners are expected on the surface 

defects. 

It is reserved that all the oxygen vacancies are assumed 

to be first-order ionized in the calculation of gas-sensing 

characteristics. The degree of ionization may influence 

several factors, such as migration of VO, interaction between 

defects and potential barrier at grain boundaries. The 

migration of VO would make impacts on the diffusion 

coefficient (DV) and exclusion probability (P). However, 

both of them are evaluated without considering the VO 

ionization degree because temperature is more decisive in 

the calculation of DV and P. Furthermore, the interaction 

between VO is neglected because the amount of VO is only 

a small percentage of the Sn and O amount in the lattice. In 

addition, the potential barrier at grain boundaries is 

calculated by the Poisson’s equation of Eq. 8, in which the 

space charge is acted by the first-order ionized VO in the 

depletion layer. 

5. CONCLUSIONS 

In the present work, the VO migrations in the 

semiconductor grain are investigated and a diffusion 

equation is established to describe their behaviors during the 

cooling process. Numerical solutions of the diffusion 

equation are found to reveal the influence of cooling rate on 

the VO distribution. The fast cooling or quenching leads to 

an almost uniform VO distribution throughout the grain 

while the slow cooling benefits the establishment of a 

gradient distribution. The gradient is of negative 

dependence on the cooling rate. The average VO density in 

the depletion layer has a slight decrease with the cooling rate 

when β < 600 °C/h. The re-annealing process of a quenched 

grain may restart the distributing process. This phenomenon 

provides potential opportunities to adjust the gas sensor 

properties by a designed annealing process. Three stages of 

VO distributing process in the cooling process are 

summarized. The gas-sensing characteristics of 

semiconductor grains could be controlled by the VO 

distribution as well as the cooling rate in the fabrication 

process. 
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