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This paper deals with the effect of initial crack tip shape, plastic compressibility, and strain softening on near-tip stress-
strain fields for a mode I crack subjected to fatigue loading under plane strain and small scale yielding. A finite strain-
based elastic-viscoplastic constitutive equation with bilinear hardening and hardening-softening-hardening hardness 
functions is taken up for simulation. It is observed that plastic compressibility and strain softening have a significant impact 
on crack tip opening displacement (CTOD) and tip propagation. Furthermore, it has been viewed that the initial shape of 
a crack tip can significantly influence both the CTOD and the crack tip extension for the bilinear hardening material; 
however, with identical conditions for the hardening-softening-hardening material, the initial crack tip shape affects the 
fatigue crack growth much lesser though the CTOD is influenced considerably. In comparison to the crack growth in the 
plastically incompressible hardening-softening-hardening solids, the variation of the crack growth (with respect to the tip 
curvature radius) is more and peculiar in the corresponding plastically compressible solid. To explain and to get a better 
insight of the crack tip deformation, the near-tip plastic strain and hydrostatic stress have been illustrated. 
Keywords: fatigue crack growth, finite deformation plasticity, crack tip shape, mode I crack, compressible solid, strain 
softening. 

 
1. INTRODUCTION∗ 

Service life assessment of engineering components and 
structures (with cracks or similar defects) has been the target 
of material scientists/engineers since long. In the numerical 
simulation, the assumption of an initially sharp crack tip 
leads to severe blunting in the beginning of crack tip 
plasticity and thus we observe very much distortion in mesh. 
For this reason, an initially blunted crack with a circular arc 
tip is typically considered in computational simulation. 
However, as the tip of a crack is in general of arbitrary shape 
with finite curvature, a number of attempts to explore the 
effect of initial crack tip shape on the fracture behavior of 
solids have been made. For example, in the study of Nishida 
and Hanaki [1], Damani et al. [2], Picard et al. [3], efforts 
were made to investigate the notch root radius effect on the 
fracture toughness of ceramic materials and it was reported 
that the notch root radius could affect the toughness 
considerably. Similarly, Rozumeket. al. [4] examined 
experimentally the influence of notch tip radius on the rate 
of fatigue crack growth for steel and aluminum alloy, and 
they observed that the tip radius could influence the crack 
growth. Next, Li et al. [5] studied various crack tip shapes 
and their effect on the near-tip fields for glassy polymers 
with a mode I crack. Very recently, Alam et. al. [6] 
investigated the impact of crack tip shape on the 
deformation and fracture of plastically compressible 
materials under monotonic loading.  

While a sizeable amount of literatures on fatigue crack 
growth studies are available for material like steel, 
aluminum alloys, titanium alloys, etc., but such studies for 
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relatively new materials like metallic foams, toughened 
structural polymers, transformation toughened ceramics etc. 
are very scanty in the open literature, [7]. These new 
materials are plastically compressible materials and their 
potential application areas include viscoelastic energy 
absorption, impact resistance, thermal and electrical 
interfaces, various bioimplants, etc. Albeit it is identified 
that the changes in the initial crack tip shape can lead to 
noteworthy variation in the tip deformation and field 
quantities of such new materials, Alam et. al. [6] have 
provided only some basic observations under monotonic 
loading on the topic, and thus there is still room for 
discussion about the mechanism of CTOD, crack 
propagation and fields during fatigue loading. No numerical 
simulation has successfully explained or reproduced the 
crack tip deformation and fields under fatigue loading for 
various crack tip profiles except for the circular crack tip. 
Furthermore, it is also unknown possible outcome in the 
non-circular crack tip deformation of plastically 
compressible solids when fatigue loadings are in force. In 
addition, if there is strain softening during the deformation, 
it is likely that the study may make available some new 
interesting findings of the near crack-tip deformation and 
fields. It is therefore of great practical importance to reveal 
the deformation mechanism and fields due to the combined 
effect of initial crack tip shape, plastic compressibility, and 
strain hardening/softening as it would lead to design of new 
materials with improved properties. Hence, this present 
study aims to extend the work of Alam`et. al. [6] for fatigue 
loading with a particular emphasis on the impact of initial 
shape of a crack tip, plastic compressibility and strain 
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softening on near-tip stress-strain state in a hardening 
material (bilinear) which may represent many metals and a 
hardening-softening-hardening (trilinear) material which 
may represent foams, vertically aligned carbon nanotubes 
(VACNTs) etc. 

2. THEORETICAL FRAMEWORK 
The constitutive relation used here is the same as used 

in Alam et. al. [6] and it is based on writing the deformation 
tensor rate, d as the summation of isotropic elastic part 𝑑𝑑𝑒𝑒 =
𝐿𝐿−1: �̂�𝜏 characterized by Young’s modulus E together with 
Poisson’s ratio v and a viscoplastic plastic part d p. We 
assume the elastic strains to be very little and the plastic part 
of the response is given as  

𝑑𝑑𝑝𝑝 = 3
2
𝜀𝜀�̇�𝑝
𝜎𝜎𝑒𝑒
𝑝𝑝, (1) 

where, 𝑝𝑝 = 𝜏𝜏 − 𝛼𝛼tr(𝜏𝜏)𝐼𝐼 and 𝜖𝜖ṗ = 𝜖𝜖0̇ �
𝜎𝜎e
g
�
1/𝑚𝑚

with 𝛼𝛼 denotes 
the parameter related to plastic compressibility, ε̇0 and m 
represent, respectively, the reference strain rate and rate 
hardening exponent. The hardness function 𝑔𝑔(εP) is given 
as: 

 g�𝜖𝜖p�      =

𝜎𝜎0 �

1 + ℎ1𝜖𝜖p,                                                           𝜖𝜖p < 𝜖𝜖1
1 + ℎ1𝜖𝜖1 + ℎ2�𝜖𝜖p − 𝜖𝜖1�,                       𝜖𝜖1 < 𝜖𝜖p < 𝜖𝜖2
1 + ℎ1𝜖𝜖1 + ℎ2(𝜖𝜖2 − 𝜖𝜖1) + ℎ3�𝜖𝜖p − 𝜖𝜖2�,      𝜖𝜖p > 𝜖𝜖2

, (2) 

where, 𝜎𝜎0 indicates a reference stress. Also, σe is the 
effective stress and defined by 𝜎𝜎e2 = 𝟑𝟑

𝟐𝟐
𝜏𝜏: p = 3

2
�𝜏𝜏: 𝜏𝜏 −

𝛼𝛼�tr(𝜏𝜏)�2�. For α < 1/3, the constitutive equation becomes 
that of a plastically compressible solid while for α = 1/3, the 
equation corresponds to that of an isotropic hardening 
plastically incompressible Mises solid [8]. 

The finite element analysis is carried out for a semi-
circular geometry as shown in Fig. 1 a. The outside radius 
(R0) of the semi-circular geometry is 2.0 in any arbitrary 
units. In Fig. 1 a, a is semi-major axis and b is semi-minor 
axis of the ellipse and they are in the same arbitrary units as 
that of R0 and the ratio a/b is used to generate several crack 
tip shapes [6]. In the simulation, traction free crack surfaces 
are considered and symmetry boundary conditions are 
imposed on the line y = 0. The finite element grid is 
comprised of rectangular elements and each rectangular 
element is further consisting of four crossed linear 
displacement triangular elements (only the quadrilaterals 
are shown). The near tip finite elements are shown in 
Fig. 1 b. Materials B and E as we used in [6] have been 
chosen here for analysis, Fig. 2. Slopes of the bilinear and 
trilinear hardness functions as well as the transition plastic 
strains are provided in Table 1. Other constant material 
parameters in the simulation are 𝐸𝐸/𝜎𝜎0 = 100, 𝑚𝑚 = 0.02 
and ε̇0 = 1. The finite element finite deformation 
formulation is the same as we used in [6] and is not repeated 
here. On the outer boundary of the geometry, 𝐾𝐾I field 
displacements are prescribed. Plane strain conditions are 
assumed. Total ten load cycles were applied. Here, 
(𝐾𝐾I)𝑚𝑚𝑚𝑚𝑚𝑚 = 0 and (𝐾𝐾I)𝑚𝑚𝑚𝑚𝑚𝑚 = 1.5 are used in a form of 
triangle wave during one cycle. Linear increments are 

incorporated to compute the deformation history with time 
step size of 0.0002 [6]. 

 
a 

 
b 

Fig. 1. a – model geometry; b – near the crack tip mesh 

 
Fig. 2. The hardness functions for materials B and E [6] 

Table. 1. Parameters for hardness functions of materials B and E 
[6] 

Material ℎ1 ℎ2 ℎ3 𝜀𝜀1 𝜀𝜀2 
B 24 5.0  –  0.085  –  
E 24 –3.90 15 0.085 0.6 

3. NUMERICAL RESULTS AND DISCUSSION 
For the present material model and semi-circular 

geometry, before fixing the final finite element mesh density 
for computation, a mesh convergence study was carried out. 
Comparing the solution accuracy and computation time, the 
final mesh density has been fixed at 24 × 63 crossed 
rectangular elements with 1598 nodes. Sufficiently fine 
mesh is generated near to the crack tip. The radial length of 
a finite element just next to the crack tip is roughly 𝑏𝑏 10⁄ . 
The accuracy of the present simulation results has been 
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further checked by comparing the similarity of the near-tip 
stress distributions in front of a growing crack as reported in 
Liu and Drugan [9]. The present results have as well been 
compared and supported in a qualitative way in several 
places. Liu and Drugan, 1993 used monotonic loading and 
linear elastic – perfectly plastic constitutive model. The 
material properties considered in their study are Young’s 
modulus as 200 GPa, Poisson’s ratio as 0.5, and yield stress 
of 1.173 GPa. Using the same conditions, the present finite 
element code was run and the normal and shear stresses 
were plotted in Fig. 3. The stress distribution nature is 
almost similar to that of Liu and Drugan, 1993. The peak 
𝜎𝜎𝑦𝑦𝑦𝑦 and 𝜎𝜎𝑚𝑚𝑚𝑚 values, which are nearly 2.6 and 1.6, 
respectively, are also matching with their results. The only 
slightly difference may be owing to the different kinds of 
finite elements used for meshing. For discretization, in the 
current work, rectangular elements (each of which is built 
up of four crossed triangles) have been used, whereas 
conventional quadrilateral elements have been used by Liu 
and Drugan, 1993. Present simulation was done using three 
different crack tip shapes (a/b = 1, 4 and 6) and any crack 
tip shape with a value of a/b more than 6 was not possible 
to simulate up to the 10th cycle due to the mesh distortion 
effect at the crack tip. 
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Fig. 3.  Near-tip stress distribution for a growing crack (with ∆a =

0.0086(KI σ0⁄ )2) in a linear elastic and perfect-plastic 
material 

From Fig. 4 and Fig. 5, it is evident that for both 
materials B and E, when the material is plastically 
compressible, CTOD increases significantly. Moreover, the 
time required for the CTOD trajectories to converge to the 
steady-state and self-similar loops is more when there is 
plastic compressibility. For material E, the CTOD is slightly 
more than that of material B; however, when the crack tip 
radius is increased from a/b = 1 to a/b = 6, the increase in 
the CTOD value is more in material B. In Fig. 5 a, for 
a/b=6, the CTOD corresponding to (𝐾𝐾I)𝑚𝑚𝑚𝑚𝑚𝑚  is increasing 
with respect to the increase in the number of load cycles but 
in Fig. 5 b, there is a decreasing trend of CTOD before it 
reaches to steady state. Furthermore, in material E, there are 
some abrupt jumps in CTOD and these jumps are more 
when a/b = 1 but almost negligible when a/b = 6; that 
means the observed abrupt jumps are associated with the 
assumed crack tip curvature radius in the analysis and this 
is an important point to be examined in simulation. 

 
a 

 
b 

Fig. 4. CTOD versus applied J-integral, 𝐽𝐽app for material B: 
a – α = 0.333333; b – α = 0.28 

 
a 

 
b 

Fig. 5. CTOD versus applied J-integral, 𝐽𝐽app for material E: 
a – α = 0.333333; b – α = 0.28 

Furthermore, it is very interesting to notice the nature 
of residual blunting (final CTOD at zero load) in materials 
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B and E. The difference in the amount of residual blunting 
in material E with respect to a/b=1 and a/b=6 is almost nil 
whereas that difference exists in material B. This is to 
mention here that the incompressible results of the 
hardening material (i. e., Material B) matches with the 
results of others in a qualitative way for the circular arc 
crack tip, Toribio and Kharin [10]. 

For modeling the crack growth, the crack tip blunting 
model [8] has been used here. In Fig. 6 and Fig. 7, time (t) 
has been normalized by t0(= 𝜀𝜀0/ε̇0), where 𝜀𝜀0(= 𝜎𝜎0/𝐸𝐸) 
indicates the yield strain. The resulting crack growth 
corresponding to each crack tip shape may be obtained by 
joining the valley points of the crack growth curve through 
a line/curve. In material B, the crack growth is more when 
the crack tip curvature is increased, and for crack tips with 
a/b = 4 and a/b = 6, the crack growth is nearly identical. 
Difference in the crack growth is more for the plastically 
compressible solid. For the material E, on the other hand, 
the changes in crack tip curvature do not alter the crack 
growth noticeably for the plastically incompressible case. 
The presence of material softening cannot influence the 
crack propagation for tip curvature with higher radius. 

 
a 

 
b 

Fig. 6. Plot of crack extension (∆a/b) vs. time (t/t0) for material 
B: a – α = 0.333333; b – α = 0.28 

 
a 

 
b 

Fig. 7. Plot of crack extension (∆a/b) vs. time (t/t0) for material 
E: a – α = 0.333333; b – α = 0.28 

However, in material E, when the material is plastically 
compressible, the crack growth is slightly reduced when the 
crack tip curvature is increased and it is very strange 
compared to the behaviour of material B and the reason 
behind this will be cleared from the contour plots as 
illustrated later. The total amount of crack growth is found 
to be maximum in material E for plastically incompressible 
solids. The crack growth is reduced by plastic 
compressibility. Furthermore, when the plastic 
compressibility is coupled with material softening, one can 
observe a significant amount of reduction in the crack 
growth. Like the CTOD, the crack growth for the 
incompressible hardening material for a/b = 1 is nicely 
matched with that of Toribio and Kharin [10] in a qualitative 
way. 

The nature of the crack growth can be explained by 
looking into the crack tip deformation/ shape and associated 
crack tip fields as presented in Fig. 8 – Fig. 13. For the 
description, only the 5th load cycle and plastically 
compressible solids have been considered. The intense 
plastic straining decreases along the vertical axis and 
concentrates more on the tip as the tip curvature radius 
increases, Fig. 8 and Fig. 9. Similar results are also observed 
in [6]. Due to the strain softening, the maximum plastic 
strain level is reduced in material E. In material B, for 
a/b = 6, it is reflected that at the end of the 5th cycle, there 
is a sharp V-shaped crack tip (Fig. 8 b), whereas in the case 
of material E , the tip is very blunt (Fig. 9 b). 
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a 

 
b 

Fig. 8. Near-tip accumulated plastic strain contours for material B 
after the 5th cycle; α = 0.28: a – a/b = 1; b – a/b = 6 

 
a 

 
b 

Fig. 9. Near-tip accumulated plastic strain contours for material E 
after the 5th cycle; α = 0.28: a – a/b = 1; b – a/b = 6 

 
a 
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Fig. 10. Near-tip hydrostatic stress contours for material B in the 
5th cycle; α = 0.28 and a/b = 1; a – 𝐾𝐾 →  𝐾𝐾max;  
b – 𝐾𝐾 →  𝐾𝐾min 

 
a 
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Fig. 11. Near-tip hydrostatic stress contours for material B in the 
5th cycle; α = 0.28 and a/b = 6; a – 𝐾𝐾 →  𝐾𝐾max;  
b – 𝐾𝐾 →  𝐾𝐾min 
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Fig. 12. Near-tip hydrostatic stress contours for material E in the 
5th cycle; α = 0.28 and a/b = 1; a – 𝐾𝐾 →  𝐾𝐾max;  
b – 𝐾𝐾 →  𝐾𝐾min 

 
a 

 
b 

Fig. 13. Near-tip hydrostatic stress contours for material E in the 
5th cycle; α = 0.28 and a/b = 6; a – 𝐾𝐾 →  𝐾𝐾max;  
b – 𝐾𝐾 →  𝐾𝐾min 
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To explore more, the hydrostatic stress distribution is 
plotted next in Fig. 10 – Fig. 13. Fig. 10 b and Fig. 11 b 
reveal that the compressive hydrostatic stress concentration 
is more for the crack tip shape with a/b = 6 compared to that 
of crack tip shape with a/b = 1 for 𝐾𝐾 →  𝐾𝐾min in material B. 
This variation of negative hydrostatic stress may explain the 
reason for the crack tip to be more sharp (corresponding to 
the initial crack tip shape with a/b = 6) during the unloading 
and subsequently more fatigue growth during the next 
loading. When 𝐾𝐾 →  𝐾𝐾max the peak hydrostatic tension is at 
the tip for both materials and the contour of the peak 
hydrostatic tension is greater in material B. The lowering of 
the peak hydrostatic tension in material E may be because 
of the material softening during the plastic deformation. In 
material E, during the unloading phase and when the crack 
tip curvature radius is increased, there is a peculiar shift of 
the inner negative hydrostatic stress contour from corner of 
the crack surface to the tip of the crack surface, Fig. 12 b 
and Fig. 13 b and this causes a reduction in crack growth as 
observed in Fig. 7 b. As the increase in the near-tip negative 
hydrostatic stress concentration is less in material E in the 
comparison to that of material B due to the change from 
a/b = 1 to a/b = 6, the crack tip does not become sharp 
much like that of material B. For plastically incompressible 
solids, it has been observed that for 𝐾𝐾 →  𝐾𝐾max, the peak 
hydrostatic stress is tensile in nature and it is at the tip and 
when 𝐾𝐾 →  𝐾𝐾min, nearly at the same crack tip location the 
maximum compressive hydrostatic stress exists for both 
materials B and E; however those are not plotted. 

4. CONCLUSIONS 
The present finite deformation finite element simulation 

results permit us to list the following concluding remarks: 
1. With the increase in the crack tip curvature, the CTOD 

is increased to a great extent for both materials. Plastic 
compressibility coupled with strain softening leads to 
some abrupt jumps in CTOD during the first loading 
cycle at the crack tip with a/b = 1 and almost negligible 
when a/b = 6. For plastically compressible materials, 
CTOD increases appreciably and there is delayed 
convergence of the CTOD – trajectories to the steady-
state and self-similar loops. The difference in the 
amount of residual blunting in material E with respect 
to a/b = 1 and a/b = 6 is almost nil, whereas that 
difference exists in material B. 

2. The initial crack tip shape has a significant effect on the 
fatigue crack growth for strain hardening material but 
little for hardening-softening-hardening material. The 
plastic compressibility helps to reduce the crack 
growth. Furthermore, the crack growth is substantially 
reduced when the plastic compressibility is combined 
with material softening. 

3. With the increase in tip curvature radius, the intense 
plastic straining and peak hydrostatic stress decrease 
along the vertical axis and increase toward the tip. The 
compressive hydrostatic stress corresponding to 
unloading of a load cycle is a deciding factor for the 
deformed shape of a crack tip. 
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