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The article studies the problem of boundary layer fluid flow for two dimensional steady and incompressible    hybrid 
nanofluids over the nonlinear stretching surface. The problem is analysed for the distribution of velocity, temperature, and 
concentration profile influenced by the parameters taken for study. The pertinent parameters analysed in the boundary 
value problem are magnetic, non-linear stretching parameter, Prandtl number, radiation, Brownian, thermophoresis. The 
governing sets of PDE’s are converted to a set of ODES using the similarity transformations. The numerical results are 
obtained by RK algorithm techniques. The study portrays the results for skin friction and Nusselt number for varying the 
parametric values. The interpretation of results is done graphically and in tabular format. The detailed parametric study is 
explored for the enhancement of heat transfer, the influence of the parameters on velocity, temperature, and volume 
fraction of the nanofluid, skin friction coefficient, and Nusselt number. The wide applications of the problem taken for the 
study where the control of complex parametric influence in heat transfer is applied in the field of energy recovery, 
biomedical, and industrial systems in the present global scenario. 
Keywords: heat transfer, hybrid nanofluid, nonlinear stretching sheet, boundary value problem. 

 
1. INTRODUCTION∗ 

The process of transmission of heat in the field of 
thermal that deals with the conversion, exchange, generation 
of thermal energy and heat with actual structures. The three 
broad classifications of heat transfer are thermal radiation, 
conduction, and convection. Heat convection deals with 
fluid flow, which transports heat with materials in motion. 
Mass transfer considered the movement of mass from one 
stream, phase, or component to another, is a key concept in 
heat transmission. A nanofluid has a varied range of 
practical applications in the fields of engineering, 
technology, and science, with its ability to enhance thermal 
conductivity. These applications are making a significant 
impact, from improving the efficiency of heat exchangers to 
enhancing the performance of electronic devices. 
Substances of solid particles are present in the base fluid, 
further enhancing thermal conductivity and thermal 
transmission. The natural transfer of heat mass through 
convection in a Newtonian fluid with initial cooling of the 
cryogenic surface, in the presence of thermal diffusion and 
Soret effects in the two-dimensional form [1], is just one 
example of the practical applications of nanofluids. The 
two-dimensional Newtonian steady state fluid of the 
boundary layer was studied for the mixed laminar 
convection with the vertical and continuously stretching 
sheet [2, 3]. Using the shifted Legendre collocation method, 
a numerical technique for solving differential equations, 
boundary layer fluid flows stretched out on a sheet 
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containing Casson fluid that has different thicknesses, 
conductivity, and radiative heat. Heat transfer enhancement 
with dusty fluid for the semi-infinite isothermal plate 
together with the supported boundary initial conditions 
along with heat radiation and slip conditions over a curved 
surface [4 – 7]. 

Numerical investigation of Sisko nanofluid analysed for 
the heat transfer over a nonlinear surface influenced by the 
consequence of thermophoresis and Brownian motion 
[8, 9]. The analysis of the saturated porous medium's 
buoyancy-induced flows for the non-permeable surface with 
stagnation flow of the fluid across the shrinking sheet with 
the development of suction provides not only theoretical 
insights into the reduction in skin friction over an extension 
in the sheet and increment in skin friction when there is an 
increase in suction factor but also has practical implications. 
It sheds light on the influence of the magneto hydrodynamic 
flow of boundary layer problems with the chemical reaction 
past nonlinear stretching sheet together with the thermal 
radiation [10, 11]. Experimental work on the convectively 
heated surface of non-linearity with the MHD three-
dimensional fluid flows for the boundary layer stagnation 
point and unique solution is obtained by the method of 
shooting algorithm. Thermal conductivity of the nanofluid 
across a vertically extending substrate with the uniform 
magnetic field influence with partial slip condition for the 
boundary layer flow problem's stagnation point had its wide 
application in the manufacturing industries for the cooling 
conditions with the effect of thermal and chemical reactions 
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together with the slip conditions for the suction and injection 
[12, 13]. Enhancement of heat transfer with hybrid 
nanofluids for the magneto hydrodynamic flow of boundary 
layer with the implication of radiation and viscous 
dissipation in the porous medium to interpret velocity and 
temperature profile together with the augmentation of the 
non-Newtonian fluid was analysed. Experimental work for 
the impact of thermal radiation, heat generation, and cross-
diffusion with Casson fluid in the porous material with the 
decrement in the magnetised field reduces the skin friction 
coefficient conditions over a curved surface [4 – 7]. 

There are many applications for this cutting-edge 
technological engineering development in the thermal and 
geothermal fields, oil reservoirs, and heat sinks in electronic 
chips. It examines issues with heat generation, thermal 
radiation, and viscous dissipation in boundary layers, 
demonstrating the properties and improvement of heat 
transport in porous media. 

The enhanced thermal behaviour of nanofluids holds 
the promise of a significant leap in heat transfer 
intensification. Many studies on nanofluids are dedicated to 
delving deeper into their properties, with the aim of 
applying them in industrial settings where direct heat 
transfer improvement is crucial. Despite the considerable 
research on flow phenomena across a nonlinear stretching 
sheet, there is an urgent need for more work to fully 
comprehend the influence of pertinent parameters when 
using flow equations. The role of experimental design in the 
fields of research and engineering cannot be overstated. Its 
ability to determine the impact of independent variables on 
dependent variables is crucial, underscoring the significance 
of your work in the field. 

Response surface methodology (RSM) is a leading 
experimental design for process optimization. This method 
not only demonstrates how input variables influence output 
variables, but also how they interact with each other, making 
it a practical and effective tool for your research. 
Table 1. Characteristics of base and nanofluid [11, 18, 33, 34] 

Property Al2O3 Cu H2O 
Density, kg⋅m-3 3970 8933 997.1 
Thermal conductivity, Wk-1m-1 40 400 0.6071 
Coefficient of thermal 
expansion, k-1 .000051 .000076 .000256 

Capacitance of heat, Jk-1 765 385 4179 

Comprehending the mechanisms of heat transmission 
facilitates the design of more effective systems, energy 
conservation, and the development of novel technologies. 
Heat transport is essential to many facets of our existence 
by developing sustainable solutions. Precise values of the 
physical and thermal parameters of the nanofluids, such as 
viscosity, specific heat, and thermal conductivity, are 
needed to investigate the heat transfer behaviour of the 
fluids are expressed in Table 2. Improved heat transfer 
results from the base fluid's thermo physical characteristics 
changing when these millimetre- or micrometre-sized 
particles are added. Nanofluids are being used in many 
different industries due to their special qualities, which 
include enhanced heat transfer performance and higher 
stability. According to researchers, the improved thermal 

properties of the nanofluids, such as their increased thermal 
conductivity, specific heat, and viscosity among others are 
what have a favourable effect on thermal performance. The 
properties of nanofluid were experimentally validated from 
the published works [27, 31, 32]. 

Hybrid nanofluid provides a higher boost in thermo 
physical properties, especially in heat conductivity, as 
compared to the single or mono nanoparticle in the base 
fluid. Few studies have been conducted, and the literature 
only reports a few models for the characteristics of nano 
composite fluid. Table 3 showcases the correlation of the 
thermo-physical properties of the hybrid nanofluid. 
Table 2. Thermo-physical attributes of nanofluid [27, 31, 32] 

Property Al2O3-H2O/Cu-H2O 
Density of the 
fluid, kgm-3 

𝜌𝜌𝑛𝑛𝑛𝑛1 = {�1 − ∅𝑛𝑛1�𝜌𝜌𝑛𝑛𝑓𝑓 + ∅1𝑛𝑛𝜌𝜌𝑠𝑠1} 
𝜌𝜌𝑛𝑛𝑛𝑛2 = {�1 − ∅𝑛𝑛2�𝜌𝜌𝑛𝑛𝑓𝑓 + ∅2𝑛𝑛𝜌𝜌𝑠𝑠2} 

Heat 
capacitance,  
k-1J 

(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝑛𝑛1 = {�1 − ∅𝑛𝑛1�(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝑓𝑓 + ∅1𝑛𝑛(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠1} 
(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝑛𝑛2 = {�1 − ∅𝑛𝑛2�(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝑓𝑓 + ∅2𝑛𝑛(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠2 

Thermal 
conductivity, 
Wk-1m-1 

𝑘𝑘𝑛𝑛𝑛𝑛1
𝑘𝑘𝑛𝑛𝑓𝑓

=
{𝑘𝑘𝑠𝑠1 + (𝑛𝑛 − 1)𝑘𝑘𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛1(𝑘𝑘𝑛𝑛𝑓𝑓 − 𝑘𝑘𝑠𝑠1)}

{𝑘𝑘𝑠𝑠1𝑛𝑛 + (𝑛𝑛 − 1)𝑘𝑘𝑛𝑛𝑓𝑓 + ∅𝑛𝑛1(𝑘𝑘𝑛𝑛𝑓𝑓 − 𝑘𝑘𝑠𝑠1)}  

𝑘𝑘𝑛𝑛𝑛𝑛2
𝑘𝑘𝑛𝑛𝑓𝑓

=
{𝑘𝑘𝑠𝑠2 + (𝑛𝑛 − 1)𝑘𝑘𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛2�𝑘𝑘𝑛𝑛𝑓𝑓 − 𝑘𝑘𝑠𝑠2�}

{𝑘𝑘𝑠𝑠2 + (𝑛𝑛 − 1)𝑘𝑘𝑛𝑛𝑓𝑓 + ∅𝑛𝑛2�𝑘𝑘𝑛𝑛𝑓𝑓 − 𝑘𝑘𝑠𝑠2�}
 

Thermal 
expansion 
coefficient, k-1 

𝛽𝛽𝑛𝑛𝑛𝑛1 = {�1− ∅𝑛𝑛1�(𝛽𝛽)𝑛𝑛𝑓𝑓 + ∅𝑛𝑛1(𝛽𝛽)𝑠𝑠1} 
𝛽𝛽𝑛𝑛𝑛𝑛2 = {�1− ∅𝑛𝑛2�(𝛽𝛽)𝑛𝑛𝑓𝑓 + ∅𝑛𝑛2(𝛽𝛽)𝑠𝑠2} 

Table 3. Hybrid nanofluid [26, 32,33]– correlations 

Property Cu-Al2O3-H2O 
Density of 
fluid, kg⋅m-3 

𝜌𝜌ℎ𝑛𝑛𝑛𝑛𝑓𝑓 = �1− ∅𝑛𝑛2�{(1− ∅𝑛𝑛1)𝜌𝜌𝑛𝑛𝑓𝑓 + ∅𝑛𝑛1𝜌𝜌𝑠𝑠1} + ∅𝑛𝑛2𝜌𝜌𝑠𝑠2 

Heat 
capacitance,  
k-1J 

�𝜌𝜌𝑐𝑐𝑝𝑝�ℎ𝑛𝑛𝑛𝑛𝑓𝑓 = �1− ∅𝑛𝑛2�{�1− ∅𝑛𝑛1)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑓𝑓
+ ∅𝑛𝑛1(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠1�  + ∅𝑛𝑛2(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠2 

Thermal 
conductivity, 
Wk-1m-1 

𝜅𝜅ℎ𝑛𝑛𝑛𝑛𝑓𝑓

= 𝜅𝜅𝑛𝑛𝑛𝑛 �
𝜅𝜅𝑠𝑠2 + (𝑛𝑛 − 1)𝜅𝜅𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛2(𝜅𝜅𝑛𝑛𝑓𝑓 − 𝜅𝜅𝑠𝑠2)

𝜅𝜅𝑠𝑠2 + (𝑛𝑛 − 1)𝜅𝜅𝑛𝑛𝑓𝑓 + ∅2(𝜅𝜅𝑛𝑛𝑓𝑓 − 𝜅𝜅𝑠𝑠2)
� 

𝜅𝜅𝑛𝑛𝑛𝑛

= 𝜅𝜅𝑛𝑛𝑓𝑓 �
𝜅𝜅𝑠𝑠1 + (𝑛𝑛 − 1)𝜅𝜅𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛1(𝜅𝜅𝑛𝑛𝑓𝑓 − 𝜅𝜅𝑠𝑠1)

𝜅𝜅𝑠𝑠1 + (𝑛𝑛 − 1)𝜅𝜅𝑛𝑛𝑓𝑓 + ∅1(𝜅𝜅𝑛𝑛𝑓𝑓 − 𝜅𝜅𝑠𝑠1)
� 

Thermal 
expansion 
coefficient, k-1 

(𝜌𝜌𝛽𝛽)ℎ𝑛𝑛𝑛𝑛𝑓𝑓 = �1 − ∅𝑛𝑛2�{�1− ∅𝑛𝑛1)(𝜌𝜌𝛽𝛽)𝑛𝑛𝑓𝑓 + ∅𝑛𝑛1(𝜌𝜌𝛽𝛽)𝑠𝑠1�
+ ∅𝑛𝑛2(𝜌𝜌𝛽𝛽)𝑠𝑠2 

Electrical 
conductivity, 
sm-1 

𝜎𝜎ℎ𝑛𝑛𝑛𝑛𝑓𝑓

= 𝜎𝜎𝑛𝑛𝑛𝑛 �
𝜎𝜎𝑠𝑠2 + (𝑛𝑛 − 1)𝜎𝜎𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛2(𝜎𝜎𝑛𝑛𝑓𝑓 − 𝜎𝜎𝑠𝑠2)

𝜎𝜎𝑠𝑠2 + (𝑛𝑛 − 1)𝜎𝜎𝑛𝑛𝑓𝑓 + ∅2(𝜎𝜎𝑛𝑛𝑓𝑓 − 𝜎𝜎𝑠𝑠2)
� 

𝜎𝜎𝑛𝑛𝑛𝑛

= 𝜎𝜎𝑛𝑛𝑓𝑓 �
𝜎𝜎𝑠𝑠1 + (𝑛𝑛 − 1)𝜎𝜎𝑛𝑛𝑓𝑓 − (𝑛𝑛 − 1)∅𝑛𝑛1(𝜎𝜎𝑛𝑛𝑓𝑓 − 𝜎𝜎𝑠𝑠1)

𝜎𝜎𝑠𝑠1 + (𝑛𝑛 − 1)𝜎𝜎𝑛𝑛𝑓𝑓 + ∅1(𝜎𝜎𝑛𝑛𝑓𝑓 − 𝜎𝜎𝑠𝑠1)
� 

Dynamic 
viscosity,  
kg⋅m-1s-1 

𝜇𝜇ℎ𝑛𝑛𝑛𝑛𝑓𝑓 =
𝜇𝜇𝑛𝑛𝑓𝑓

(1− 𝜑𝜑1)2.5(1− 𝜑𝜑2)2.5 

The objectives of the article are outlined as follows: 
heat transfer performance evaluation of the nanofluid over a 
surface of non-linearity with influential parameters is 
analysed. 
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1. The empirical model is designed to derive the 
optimisation of response factors. 

2. The profile of temperature, quantity, and velocity 
histories are analysed to look for variations in the other 
quantities. 

3. The response factors of velocity, temperature, Nusselt 
number and skin friction coefficient are validated with 
numerical algorithm for the range and contours are 
interpreted graphically and in tabular form. 

4. The comparison of the existing results with the previous 
research work proved to have good agreements to the 
numerical and experimental schema. 

2. MATHEMATICAL MODELLING – 
PROBLEM FORMULATION 

The investigation examines incompressible two-
dimensional flow over a stretched sheet with nonlinearity 
using a Cu-Al2O3-H2O hybrid nanoparticle. It presents novel 
findings in fluid dynamics and nano-fluid mechanics. In 
Cartesian coordinates, the vertical axis y is perpendicular to 
the stretched surface, while the horizontal axis x is aligned 
with the surface’s direction. The stretching parameter, 
denoted by n, characterizes the nanofluids' viscosity, and the 
velocity is defined as 𝑎𝑎1𝑥𝑥𝑛𝑛 , 𝑎𝑎1 > 0. The Buongiorno model 
is employed to analyze the effects of Brownian motion14]. 
The equations for continuity, momentum, and energy are the 
governing equations, which are explained from 
Eq. 1 – Eq. 4, along with the initial and boundary conditions, 
and the parameters are resolved from Eq. 5 – Eq. 7. 

The basic equations are defined as: 

 ax + by  =  0; (1) 

a ∂a
∂x

+ b ∂a
∂y

= vnf
∂2a
∂y2

− σ B2

ρnfl
a.; (2) 

(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝑛𝑛(a ∂T1
∂x

+ b ∂T1
∂y

= knf
∂2T1
∂y2

+ (𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠[DB �
𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝐷𝐷𝑇𝑇
𝑇𝑇∞
�∂T1
∂y
�
2
� − ∂qr

∂y
+ μnf(

∂a
∂y

)2; (3) 

a ∂φ
∂x

+ b ∂φ
∂y

= DB
∂2φ
∂y2

− 𝐷𝐷𝑇𝑇
𝑇𝑇∞

∂2T1
∂y2

. (4) 

The boundary conditions are considered as: 

a=𝑎𝑎 = 𝑐𝑐𝑥𝑥𝑛𝑛, b=0,    T1= Tw; (5) 

DB
∂φ
∂y

+ 𝐷𝐷𝑇𝑇
𝑇𝑇∞

∂T1
∂y

= 0 ; (6) 

Given y=0, a=0,   T1 → 𝑇𝑇∞,𝜑𝜑 → 𝜑𝜑∞, 𝑎𝑎𝑎𝑎𝑎𝑎 → ∞. (7) 

The variable magnetic field is defined as 

𝐵𝐵(𝑥𝑥) = 𝐵𝐵0𝑥𝑥
(𝑛𝑛−1)
2 , where𝐵𝐵0   is a constant and independent 

of time with curl and the divergence of the vector is zero 
hence it is ir-rotational and solenoidal, and the vector is null. 
By Rooseland’s approximations assuming the difference in 
the flow temperature 𝑇𝑇4 as the Taylor’s form and omitting 
the high powers [15]. The expansion of Taylor’s is depicted 
in the Eq. 8 and Eq. 9. 

We have 

T4 ≈ 4T∞
3T − 3T∞

4,qr = −16σ∗

3k∗
�T13

∂T1
∂y
�. (8) 

Replacing T withT1in the higher order expansion given 
by Taylor’s approximations: 

∂qr
∂x

= −16σ∗

3k∗
�3T12 �

∂T1
∂y
�
2

+ T13
∂2T1
∂y2

�. (9) 

The dimensionless variable is characterized as 

Ψ = �2avf
n+1

x
(n+1)
2 f(η),η = y�a(n+1)

2vf
x

(n−1)
2 , 

θ(η) = T1−T∞
Tw−T∞

, ,            φ(η) = φ−φ∞
φ∞

. (10) 

Dimensionless stream function is outlined by 

f(η), a = ∂ψ
∂y

, b = −∂ψ
∂x

.  (11) 

The components of velocity are given by 

a = a1xnf ′(η); (12) 

b = −�a1(n+1)vf
2

x
(n−1)
2 �f ′(η)η n−1

n+1
+  f(η)�; (13) 

f ′′′ + b1 �c1 �ff ′′ − 2n
n+1

f ′2� − M2f ′� = 0; (14) 

θ′′[1 +
4kf

3NRknf
(1 + (θw − 1)θ)3 + 

4kf
NRknf

(1 + (θw − 1)θ)2(θw − 1)θ′2 − 

kf
knf

[Pr c2 �fθ′ −
4n

n + 1
f ′θ� +

Pr Ec
b1

f ′′2  

+Nbφ′θ′ +     Ntθ′2; (15) 

𝜑𝜑′′ + Pr 𝐿𝐿𝐿𝐿𝐿𝐿𝜑𝜑′ + 𝑁𝑁𝑁𝑁
𝑁𝑁𝑁𝑁
𝜃𝜃 ′′ = 0. (16) 

The equations in the similarity variables are solved for 
the velocity, volume concentration, and temperature are 
defined in Eq. 11 – Eq. 16. The values of the constant are 
given by Eq. 17. While the values are given by 

𝑏𝑏1 = (1 − 𝜑𝜑)−2.5 ,𝑐𝑐1 = �(1 − 𝜑𝜑) + 𝜑𝜑 � 𝜌𝜌𝑠𝑠
𝜌𝜌𝑓𝑓𝑓𝑓
�� 

𝑐𝑐2 = {(1 − 𝜑𝜑) + 𝜑𝜑 �
(𝜌𝜌𝜌𝜌𝑝𝑝)𝑠𝑠

(𝜌𝜌𝜌𝜌𝑝𝑝)𝑓𝑓𝑓𝑓
�  }. (17) 

The boundary conditions are given by the Eq. 18 and 
Eq. 19. 

𝐿𝐿(0) = 0, 𝐿𝐿 ′(0) = 1 = 𝜃𝜃(0) 
𝑁𝑁𝑏𝑏𝜑𝜑′(0) + 𝑁𝑁𝑁𝑁𝜃𝜃 ′(0) = 0 𝑎𝑎𝑁𝑁𝑎𝑎 = 0. (18) 

𝐿𝐿 ′(∞) = 0, 𝑎𝑎𝑎𝑎𝜃𝜃(∞)&,𝜑𝜑(∞) → 0  𝑤𝑤𝑤𝑤𝑁𝑁ℎ𝑎𝑎 → ∞. (19) 

𝑀𝑀2 = 2𝜎𝜎𝐵𝐵0
2

𝑎𝑎(𝑛𝑛+1)𝜌𝜌𝑓𝑓
; (20) 

𝑃𝑃𝑃𝑃 = 𝑣𝑣𝑓𝑓(𝜌𝜌𝜌𝜌𝑝𝑝)𝑓𝑓)

𝑘𝑘𝑓𝑓
,     𝐸𝐸𝑐𝑐 = 𝑈𝑈2

(𝜌𝜌𝑝𝑝)𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
; (21) 

𝑁𝑁𝑏𝑏 =
(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠𝐷𝐷𝐵𝐵𝜑𝜑∞

(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝛼𝛼𝑛𝑛
,𝑁𝑁𝑁𝑁 =

(𝜌𝜌𝑐𝑐𝑐𝑐)𝑠𝑠𝐷𝐷𝑇𝑇(𝑇𝑇𝑤𝑤 − 𝑇𝑇∞)
(𝜌𝜌𝑐𝑐𝑐𝑐)𝑛𝑛𝛼𝛼𝑛𝑛𝑇𝑇∞

 

 𝐿𝐿𝐿𝐿 = 𝛼𝛼𝑓𝑓
𝐷𝐷𝐵𝐵
𝑁𝑁𝑅𝑅 = 16σ∗T∞3

3k∗k
 . (22) 

The skin friction coefficient is defined as 

𝑐𝑐𝑛𝑛 =
𝜇𝜇𝑛𝑛𝑓𝑓�

𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦�𝑦𝑦=0

𝜌𝜌𝑓𝑓𝑈𝑈2
; (23) 
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𝑐𝑐𝑛𝑛(𝑅𝑅𝐿𝐿𝜕𝜕)
1
2 = √𝑛𝑛+1

(1−𝜕𝜕)2.5 𝐿𝐿′′(0). (24) 

The values of M, Pr, Ec, Nb, Nt and the skin friction 
values are given by the Eq. 20 – Eq. 24 whereas the Nusselt 
values, Reynolds number, Heat transfer coefficient are 
given by Eq. 25 – Eq. 28 [16]. 

The Nusselt number is given by  

Nux = qwx
kf(Tw−T∞)

; (25) 

qw = −�knf + 16σ∗T3

3k∗
� (∂T

∂y
 )y=0; (26) 

Nux
�Rex

= −knf
kf
√n + 1 �1 + kf

knf

4θw
3

3nr
� θ′(0); (27) 

Rex = 2axn+1

vf
. (28) 

The prime denotes differentiation to the similarity 
variable  𝑎𝑎. 

3. RESULTS AND DISCUSSION 

The magneto hydro dynamic boundary layer problem of 
nanofluid flow of 2D is analyzed for the mono [Cu, Al2O3] 
with base fluid and its hybrid [Cu-Al2O3-water] together 
with the boundary conditions taken for the nonlinear 
stretching surface under various parameters. The equations 
are solved for the solution numerically and are validated by 
the response surface methodology. The solutions obtained 
by considering the various parameters are interpreted 
graphically and compared with the results obtained earlier. 
The quantities are numerically interpreted for velocity and 
temperature distribution with varying values of magnetic 
measure in case of nonlinear stretching as expressed in 
Fig. 1 and Fig. 2. Table 4 displays the tabulated values that 
illustrate the profile of temperature, concentration, and 
velocity for various magnetic parameter values together 
with changes in the nonlinear stretching parameter at the 
initial values. The temperature and the velocity distribution 
profile are both enhanced with the increasing value of the 
nanoparticles’ volume fraction, which directly raises 
boundary layer thickness and flow momentum, are 
explained in Fig. 3 and Fig. 4. When nanoparticles are 
added to the base fluid, it improves heat transmission. It 
increases the thermal conductivity of the nanofluid. The 
thickness related to the heat generation parameter resulting 
from the temperature increase has been projected in Fig. 5. 
Proportional increase in volume fraction successively 

enhances thermal conductance with small-molecule fluids 
[17]. 

 
Fig. 1. Velocity profile with varying magnetic criterion 

 
Fig. 2. Temperature distribution with magnetic parameter 

 
Fig. 3. Velocity distribution with concentration of nanoparticles 

Table 4. Results of f ′(0),θ′(0) for nanofluids [20, 28, 29] 

 

n M ∅ 
−𝜃𝜃′(0) -f’’(0) 

Cu-H20 Al203-H20 Cu-Al203-H20 
Present/Previous Error Cu-H20 Al203 -H20 Cu-Al203-H20 

Present/Previous Error 

1 1 

0.1 

0.017 0.015 0.010/0.009 -0.001 2.696 2.672 2.663/2.662 0.001 
2 0.008 0.005 0.004/0.0039 0.001 3.116 3.107 3.072/3.072 0.000 

2 1 1.162 1.123 1.112/1.112 0.000 1.954 1.916 1.906/1.905 0.001 
2 0.856 0.814 0.764/0.7639 0.000 2.709 2.752 2.739/2.738 0.001 

1 1 

0.2 

1.137 1.101 1.065/1.066 -0.001 3.545 3.504 3.499/3.500 -0.001 
2 0.722 0.725 0.706/0.706 0.000 4.232 4.211 4.194/4.193 0.001 

2 1 1.019 1.006 1.088/1.087 0.001 3.011 2.897 2.843/2.842 0.001 
2 0.682 0.652 0.604/0.6039 0.001 2.459 2.416 2.395/2.394 0.001 



11 
 

 
Fig. 4. Temperature profile with concentration of nanofluid 

 
Fig. 5. Resultant of heat generation with temperature  

The explanation provides insight into the nonlinear 
stretching parameter affects the velocity and temperature 
profile distributions in Fig. 6 and Fig. 7. 

 
Fig. 6 Impact of nonlinear stretching criterion with velocity 

Applying the Lorentz force improves the fluid flow. It 
shows that hybrid nanofluids are more efficient when the 
magnetic field element increases, the value of f'(η) falls, and 
the overall depth of the outermost boundary layer 
diminishes [18]. 

The literature provides validation for the current model. 
Das et al.'s [19] experimental research examined the critical 
function that temperature plays in enhancing nanofluid 
thermal conductivity. Hojjat et al. [21] conducted 
experiments to determine the significance of nanoparticle 
concentration and nanofluid temperature. In their 
investigation into the efficacy of nanofluid temperature, 

Vajjha et al. [22] also claimed that a rise in temperature 
would improve the material's thermal attribute. 

 
Fig. 7. Influence of nonlinear stretching criterion profile of 

temperature 

Fig. 8 analyses the temperature profile with reference to 
the Prandtl number for different values of mono and hybrid 
nanofluid. 

 
Fig. 8. Impact of Prandtl number with temperature profile 

Significant parameters impact the momentum of the 
boundaries. Whereas the velocity profile and skin friction 
coefficient systematically rise alongside the temperature 
profile, the Nusselt number shows a considerable 
improvement correlating with a rise of the nano particle's 
volume fraction within the hybrid nanofluid [23]. Fig. 9 
demonstrates the correlation between the predicted and the 
actual value, as the error can be minimised. The values of 
the skin friction coefficient are expressed graphically in 
Fig. 10 and tabulated in Table 5 for a range of magnetic 
parameter and nonlinear stretching parameter values. 
Utilising the Design Expert tool, the assessment of 
outcomes is done with the contours and surface plots for the 
input parameters nonlinear stretching, magnetic, 
concentration, Eckert number, and radiation. The impacts of 
process factors on the output response are experimented 
with analysis of variance. As per the findings of Battira et al. 
[24], temperature and volume fraction are the primary 
parameters that improve heat transmission. 

According to Sajid et al. [25], hybrid nanofluids' 
thermal conductivity will rise with nanoparticle 
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concentration and temperature. The results are juxtaposed 
with existing literature. Aminreza et al. [26] indicated that 
the temperature and volume fraction are pivotal in 
increasing the thermal conductivity of nanofluids. 

 
Fig. 9. Actual vs. predicted for temperature analysis 

Palanisamy and Mukesh Kumar [27] experimentally 
found that a rise in volume fraction boosts the thermal 
conductivity of nanofluids. Notably, volume fraction 
percentages between 0.02 and 0.03 were observed to 
improve the thermal attribute of nanofluids; however, a 
further increase in volume fraction not yielded any 
additional improvements. These findings from the 
molecular dynamic studies on the thermal conductivity of 
nanofluids not only elucidate the factors affecting nanofluid 
thermal conductivity but also highlight a marked 
enhancement in heat transfer, which is one of the key 
findings of our research. 

Table 5. Skin friction analysis 

M n Nb Nt Cu-H2O Al2O3-H2O Cu-Al2O3-H2O 
0 

10 

0.5 

0.5 

11.12 11.24 11.28 
1 8.85 9.72 9.93 
2 6.21 7.10 7.21 

1 

1 1.61 1.74 1.83 
2 2.75 3.2 3.4 
3 3.69 4.20 4.31 
10 7.47 8.32 8.41 

10 

0.1 7.48 8.40 8.50 
0.5 7.47 8.32 8.41 
0.7 7.46 8.28 8.24 
0.5 0.1 7.56 8.42 8.57 

0.5 7.47 8.32 8.41 
0.7 7.41 7.62 7.98 

Both the mono and hybrid nanofluid's heat transmission 
rate is examined Cu-H2O, Al2O3-H2O and Cu-Al2O3-H2O 
for the nonlinear stretching surface is expressed in Fig. 11 
and Table 6. The operating design parameters are taken as 
nonlinear stretching parameter (A), magnetic parameter (B), 
concentration (C), Eckert number (D) and radiation 
parameter(E). 

Table 6.  Heat transfer rate analysis 

M n Cu-H2O Al2O3-H2O Cu-Al2O3-H2O 
0 10 6.25 6.32 6.45 
1 6.83 6.92 6.98 
2 7.35 7.42 7.32 
1 1 2.67 2.72 2.75 

2 3.52 3.61 3.72 
3 4.21 4.27 4.34 

10 6.83 6.92 6.98 

Fig. 12 shows the normality of the residuals for the 
respective runs, which showcases the efficiency of the 
model with reference to skin friction's coefficient.  

The hypothesis in the current work is formulated to 
demonstrate the improvement of heat transport in the non-
linear stretching surface scenario for the magneto 
hydrodynamic nanofluid flow. The conclusions agree with 
the study conducted by Prasannakumara et al. [28] on the 
formulation of a two-phase slip of a dusty fluid flow 
containing nanoparticles over a non-linear stretching sheet 
implanted in the porous medium with the presence of non-
linear thermal radiation. Hayat et al. [29] analysed a 
simulated model for the magneto hydro dynamic boundary 
flow of the fluid over a curvilinear surface of non-linearity. 
The properties of mass transmission and heat are 
experimented with using the features of chemical reactions 
and heat creation. Attributes of the various disparate 
specifications were examined for variations in temperature, 
concentration, skin friction coefficient, local Nusselt, 
Sherwood numbers, and velocity. The current work’s 
numerical results do line up with the conclusions [29]. 

The study's goal is to significantly raise the temperature 
transmission while considering important factors by 
converting the governed partial differential equations 
combined with initial and boundary circumstances to the 
specific systemized transformation using ordinary 
differential equations of similarity and a quantitative 
scheme of computation acquired through the RK algorithm. 
The finite value of the similarity variable is selected to 
ensure that asymptotically, each boundary condition is met. 
Two distinct approximations of the solution are made at 
each step and contrasted. The approximation is approved if 
the two responses closely match. Else, the step size is 
decreased until the necessary preciseness [20]. 

Fig. 12 shows the normality of the residuals for the 
respective runs, which showcases the effectiveness of the 
prototype with reference to velocity. The F-value of the 
model 17.76 implies the model's relevance. Noise has a 
minimal 0.0001 % probability of producing a substantial F-
value. Significant terms are indicated by P-values less than 
0.0500. A, B, C, AB, AC, AE, and B² are important model 
terms in this case. Values above 0.1000 suggest that there is 
no significance for model terms. The substantial lack of fit 
is indicated by the 5.50-F-value. There is a good degree of 
agreement when the Adjusted R2 of 0.8816 and the 
Predicted R2 of 0.7443 deviate by less than 0.2. 
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Fig. 10. Skin friction 3D Interaction analysis for response factors a-AB, b-AC, c-AD, d-AE, e-BC, f-BC, g-CD, h-CE, i-DE 

 
Fig. 11. Heat transfer coefficient analysis for response factors a-AB, b-AC, c-AD, d-AE, e-BC, f-BD, g-BE, h-CD, i-CE 
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Fig.12. Diagnostic plots of velocity contours for: a – residuals; b – runs; c – box-cox; d – perturbation 

 

Table 7. Temperature distribution with impact of influential 
parameters– Analysis of variance (ANOVA) 

Origin Sum of 
squares DF 

Mean 
sumof 

squares 
Ratio-F P-value 

Model 0.0956 20 0.0048 21.69 < 0.0001 
Factor A 0.0728 

1 

0.0728 330.11 < 0.0001 
Factor B 0.0086 0.0086 39.24 < 0.0001 
Factor C 0.0028 0.0028 12.74 0.0015 
Factor D 0.0004 0.0004 1.86 0.1847 
Factor E 0.0001 0.0001 0.5002 0.4860 
Factors AB 0.0005 0.0005 2.10 0.1600 
Factors AC 0.0002 0.0002 1.09 0.3065 
Factors AD 0.0002 0.0002 0.7667 0.3896 
Factors AE 0.0004 0.0004 1.91 0.1796 
Factors BC 0.0000 0.0000 0.0556 0.8156 
Factors BD 0.0000 0.0000 0.1633 0.6896 
Factors BE 9.000E-06 9.000E-06 0.0408 0.8415 
Factors CD 0.0001 0.0001 0.2552 0.6179 
Factors CE 0.0008 0.0008 3.43 0.0758 
Factors DE 0.0001 0.0001 0.2903 0.5948 
FactorsA² 0.0067 0.0067 30.21 < 0.0001 
FactorsB² 0.0003 0.0003 1.29 0.2668 
FactorsC² 3.409E-06 3.409E-06 0.0155 0.9020 
FactorsD² 0.0001 0.0001 0.4966 0.4875 
FactorsE² 0.0000 0.0000 0.2079 0.6523 
Residual 0.0055 25 0.0002   
Lack of fit 0.0055 20 3×10-3 43.49  
Pure error 0.0000 5 6.300E-06   
Cor total 0.1011 45    

The 17.0312 ratio suggests a strong enough signal, 
inspiring the exploration of the design space using this fitted 
model. The Cu-water nano-fluid in a jet impingement on 
heated transferring plates was analysed using a 
computational model of heat transmission. Experiment 

analysis of the distribution of velocity, and concentration 
considering the fluctuation of the Reynolds number with 
distance from the jet’s nozzle to the plate was performed. 
The correlation analysis of the Nusselt number and 
coefficient of skin friction was tabulated to explain the heat 
transmission and movement of fluids. A qualitative 
examination of stream functional mechanisms and thermal-
isotherm contours is studied to comprehend heat transfer 
mechanism and flow pattern resulting from the surface by 
Datta et al. [30]. 

The F-value 21.69 indicates the model's importance. 
The likelihood that noise will result in a significant F-value 
is approximately 0.01 %. For model terms, P-values less 
than 0.0500 indicate significance. The design's standard 
deviation is 0.0148, with a mean of 0.8728 and a coefficient 
of variation of 1.7. 

The R² value is calculated as 94.55 %, with the adjusted 
and predicted values at 90.19 % and 78.28 % respectively. 
The model's precision, indicated by 18.3923, is the best fit 
for the temperature analysis, as shown in Table 7, instilling 
confidence in its reliability. 

4. CONCLUSIONS 

The study analyses the MHD properties of the nanofluid 
over a stretched sheet that is not linear, and the governing 
parameters of the flow are examined. The governing PDEs 
are changed to ODEs by transformation of similarity. The 
results are showcased using an analytical method and 
compared with the established literature for the response 
factors taken for the present study, and higher precision of 
accuracy is established. 
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The investigation has been conducted analytically to 
demonstrate the enhancement of heat transmission in 
nanofluids across a nonlinear stretching surface with 
operating parameters. The thermal efficiency has been 
analyzed using numerical and statistical evaluation to 
determine the effect of design and operating parameters on 
its optimum. 

The model's fit is analyzed using the response surface 
methodology with analysis of variance in design expert 
software. The quantitative findings indicate that improving 
the governing factors generates advancements in flow and 
warmth.  

The pertinent parameters exhibited in tabular and 
graphical form influence the statistical inference of the 
response factors (heat transfer rate, skin friction coefficient, 
and temperature contour and velocity distribution). 
The findings obtained from the study are summed up as 
follows: 
1. Regarding the coefficient of skin friction, a rise in the 

parameters for nonlinear stretching and magnetic fields 
acts in the exact opposite way: diminishing the velocity 
distribution. Temperature distributions are inversely 
correlated with increases in the nonlinear stretching and 
magnetic criterion, respectively. 

2. The decreased skin friction coefficient of nanofluid 
volume fraction shoots up as the magnetic parameter 
escalates. 

3. The temperature distribution grows with a rise in the 
radiation and heat-generating parameters. 

4. The upsurge in radiation parameter enhances skin 
friction, and the pace of heat transference diminishes 
with an increment in the non-stretching parameter, the 
volume of the nanofluid, and the Prandtl number. 

5. Heat transfer reduces with an upsurge in the magnetic 
measure and the layer's thickness at the boundary of 
momentum, diminishing with an increasing thickness 
of the thermal depth layer and fluid concentration. 

6. As the warmth of the boundary with the nanofluid rises, 
the velocity profile falls, and skin friction rises. It is 
established that the upsurge in the proportion of the 
nanofluid's volume improves the temperature profile 
and velocity. 

7. The elevation of the Brownian motion parameter 
examines the relationship between the layer's thickness 
at the boundaries and the rate of heat transfer. The 
Brownian parameter lessens the effect on temperature 
distribution. 

8. A high coefficient of determination indicates that the 
model accurately captures variations in the heat 
transmission rate through chosen parameters.  

9. The percentage of the nanofluid's volume escalates with 
the increasing thermophoresis and a magnetic 
interaction parameter. 

10. The fittest model of the skin friction coefficient is 
significant because it is overall optimal. The factors of 
nonlinear stretching, concentration, and a magnetic 
parameter, together with their interactions, have a 
significant P-value below 0.05, which is evident that the 
model is optimized. 

11. The present model for the rate of heat transference is 
significant as it has overall optimization, specifically 
with the interactions of magnetic, concentration, 

radiation, and nonlinear stretching factors. The model's 
F value of 24.34 % proves its efficiency. 

12. The standard deviation for the response factors is given 
by 0.0174(heat transfer rate) and 0.0173(skin friction’s 
coefficient) demonstrates convergence of the solution. 

Nomenclature 
Name Significance Unit 

𝑥𝑥 Dimensionless Cartesian coordinate parallel to the 
sheet 

𝑎𝑎 Dimensionless coordinate perpendicular to the sheet 
𝑎𝑎, 𝑏𝑏 Velocity x, y components ms−1 
𝑅𝑅𝐿𝐿 Reynolds number  
𝑇𝑇 Temperature of the fluid K 
𝑃𝑃𝑃𝑃 Prandtl number 
𝐸𝐸𝑐𝑐 Eckert number 
𝐵𝐵0 Strength of magnetic field kg. s−2m−1 
𝑞𝑞𝑟𝑟 Radiative heat flux Wm−2 
𝑀𝑀 Magnetic number 
𝐶𝐶𝑝𝑝 Specific heat constant pressure Jkgk−1 
Nu Nusselt number 
𝐶𝐶𝑛𝑛 Skin friction coefficient 
𝑎𝑎 Similarity variable 
𝑁𝑁𝑏𝑏 Brownian parameter 
𝑁𝑁𝑁𝑁 Thermophoresis parameter 
𝐿𝐿𝐿𝐿 Lewis number 
𝐷𝐷𝐵𝐵 Brownian diffusion coefficient m2s−1 
𝐷𝐷𝑇𝑇 Thermophoresis coefficient m2s−1 
𝐿𝐿(𝑎𝑎) Dimensionless stream velocity 
𝜃𝜃(𝑎𝑎) Dimensionless temperature profile 
𝜙𝜙(𝑎𝑎) Dimensionless concentration profile 
𝜑𝜑 Nanoparticles volume fraction 
𝜌𝜌 Density of the fluid kgm−3 
𝜗𝜗 Kinematic viscosity m2s−1 
𝜎𝜎 Electric conductivity sm−1 
𝛼𝛼 Thermal diffusivity m2s−1 

𝛽𝛽 Volumetric thermal expansion 
coefficient k−1 

𝜅𝜅 Thermal conductivity Wm−1k−1 
𝜇𝜇 Dynamic viscosity kgm−1s−1 
𝜎𝜎∗ Stefan-Boltzmann constant m2kgs−2k−1 
𝑘𝑘∗ Rooseland coefficient of mean absorption 

𝜏𝜏 Ratio of effective heat capacity of fluid and 
nanoparticles 

𝜓𝜓 Stream function 
𝑁𝑁𝑅𝑅 Thermal radiation 
𝐿𝐿𝑓𝑓 Base fluid 
𝑛𝑛𝐿𝐿 Nanofluid 
ℎ𝑛𝑛𝐿𝐿𝑓𝑓 Hybrid nanofluid 
𝐿𝐿1, 𝐿𝐿2 Fluids of Alumina and Copper 
𝑎𝑎 Solid particles 
𝑎𝑎1 Aluminium oxide nanoparticles 
𝑎𝑎2 Copper nanoparticles 
𝑤𝑤 Sheet surface conditions 
∞ Free stream condition 

RK Runge-Kutta 
RSM Response Surface Methodology 
PDE Partial Differential Equations 
ODE Ordinary Differential Equations 
MHD Magneto Hydrodynamic 

ANOVA Analysis of Variance 
DF Degrees of freedom 
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