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The Bragg equation, which is usually employed to calculate the lattice constants of crystals, cannot be directly applied to 
amorphous alloys because they do not sustain long-range periodicity. A correction factor has to be involved, and the Debye 
equation predicts this to have a value of 1.23. Here, the amorphous structure of metallic glasses is investigated with XRD 
(Cu Kα) and the diffraction angle where the broad amorphous peak emerges is shown to be dependent on composition. By 
fitting the data of the dependence of the average atomic spacing on λ/(2sinθ), a factor of 1.22 was attained for metallic 
glasses with predominantly metallic bonding character, and even lower values if considerable covalent-like bonding is 
present. The lower factor can be explained by denser atomic packing in real amorphous metallic systems compared to that 
predicted by the random packing model. 
Keywords: metallic glasses, Debye equation, random packing, X-ray diffraction, atomic packing efficiency. 

 
1. INTRODUCTION∗ 

Metallic glasses (MGs) are widely known due to their 
peculiar thermal and mechanical properties as compared to 
their crystalline forms [1, 2]. These unique properties result 
from their unique structures. As the name suggests, MGs 
have a glasslike amorphous structure at the atomic level and 
thus do not show crystalline periodicity, which can be 
distinguished by using X-ray diffraction (XRD) techniques. 
Unlike the XRD spectra of crystals, which are characterized 
by multiple narrow and sharp diffraction peaks, the MGs’ 
are usually made of a few broad diffraction peaks with 
damping intensities at high scattering angles. Hence, it is 
necessary to make it clear what the diffraction angle 
indicates in this work. The so-called diffraction angle of this 
study is measured using Cu Kα X-ray and corresponds to 
that where the maximum intensity of the first diffuse halo 
takes place. This position is related to the interatomic 
distances, i.e., as the position is obtained, the distance 
between atom pairs can be estimated. 

High-energy synchrotron XRD is commonly used to 
generate high-resolution spectra [2-4]. However, this 
technique is not easily accessible in terms of experimental 
operation and data analysis. Instead, conventional XRD 
with radiation from pure metals (most commonly Cu) is one 
simple avenue for calculating the average bonding length 
(i.e., interatomic distance between adjacent atoms). For 
example, Senkov et al. [5], by means of XRD diffraction 
with Cu Kα radiation, computed the average bonding length 
of Ca-Mg-Cu glasses with the Bragg equation. When 
compared to the metallic and covalent radii of atoms, the 
bonding characters can be more or less identified [5-7]. It 
should be noticed that the Bragg equation is derived for 
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crystalline materials, while MGs do not have long-range 
order and thus a correction on the Bragg equation should be 
made so as to correctly reflect the average interatomic 
distance. 

This work investigates the relation between the 
diffraction angle and the average atomic distance. To this 
end, some glassy alloys such as Al-, Mg-, La-, Zr- and Cu-
based types were chosen, and their structural properties 
were measured by conventional X-ray diffraction. The data 
on atom-pair distances are extracted from the literature. 

2. THEORY 
In fact, amorphous diffraction theory has long been 

developed by Debye [8] who formulated the X-ray 
scattering intensity for a system of N atoms as: 

𝐼𝐼(𝑘𝑘) = ∑ ∑ 𝑓𝑓𝑖𝑖𝑁𝑁
𝑗𝑗=1 𝑓𝑓𝑗𝑗𝑁𝑁

𝑖𝑖=1
sin�2𝜋𝜋𝜋𝜋⋅𝑟𝑟𝑖𝑖𝑖𝑖�

2𝜋𝜋𝜋𝜋𝑟𝑟𝑖𝑖𝑖𝑖
, (1) 

where rij is the distance between the ith and jth atoms; fi and 
fj is the respective atomic scattering factor; k is the scattering 
vector with its value of (2sinθ/λ); θ is the scattering angle, 
λ is the X-ray wavelength. The intensity is due to the 
interaction of one atom with itself, and as well the 
interaction between the ith and jth atoms. In addition, the 
latter interaction is calculated twice. By assuming only one 
type of atom, Eq.1 can be written [9]: 

𝐼𝐼(𝑘𝑘) = 𝑁𝑁𝑓𝑓2 + 2𝑓𝑓2 ∑ sin(2𝜋𝜋𝜋𝜋⋅𝑟𝑟)
2𝜋𝜋𝜋𝜋𝜋𝜋

= 𝑁𝑁𝑓𝑓2 �1 + 2
𝑁𝑁
∑ sin(2𝜋𝜋𝜋𝜋⋅𝑟𝑟)

2𝜋𝜋𝜋𝜋𝜋𝜋
�,

 (2) 

where f is the atomic scattering factor; r is the interatomic 
distance. Without considering the dependence of f on the 
scattering angle θ, the first intensity maxima, which is 



related to the average radius Ravg of the first coordination 
shell [8, 9], is obtained by letting the derivative of Eq. 2 
equal to zero: 

𝑘𝑘𝑘𝑘 = 2sin𝜃𝜃
𝜆𝜆

∙ 𝑟𝑟 = 1.23; (3 )  

𝑅𝑅avg = 𝑟𝑟 = 1.23 ⋅ 𝜆𝜆
2 sin 𝜃𝜃

. (4)  

Through Eq. 1 to Eq. 4, there are two points worth 
noting: the first one is that the scattered intensity is closely 
related to interatomic distance; the second is that Eq. 4 can 
be used to compute Ravg by the term λ/(2sinθ) multiplied by 
a factor, e.g., 1.23. As this factor is derived on the 
assumption that atoms of one type are randomly packed, it 
is still questionable whether it is transferable to the real 
amorphous metallic systems. Indeed, shortly after this 
model was proposed, this question was investigated on some 
liquid metals and polymers, and it was found that in practice 
the factor has a smaller value of 1.1 to 1.2 among these 
materials [9]. As currently a large number of metallic 
glasses have been developed, it is interesting to look at this 
question again, i.e., whether it is applicable to metallic 
glasses since their compositions are usually complicated. 

3. MATERIALS AND METHODS 
Several of amorphous compositions were fabricated in-

house, with the details of the fabrication methods already 
presented in our previous work [10]. In addition, a La-based 
MG was obtained from Jiang’s group, the fabrication 
method of which has been reported elsewhere [11]. The full 
range of MGs used in this work are listed in Table 1 along 
with literature values for their physical quantities. RBragg is a 
radius calculated from the Bragg equation λ/(2sinθ), while 
Ravg is a weighted average and defined as Ravg=∑𝑤𝑤𝑖𝑖𝑖𝑖𝑟𝑟𝑖𝑖𝑖𝑖  (wij 
is the weight factor and rij is the atom-pair distance). 

The X-ray diffraction (XRD) was operated on a system 
(Philips X’pert 1830) using monochromatic Cu Kα radiation 
(λ = 0.1542 nm). The step size was 0.02° with a scan rate of 
1.00°/min. The working voltage and current were 
respectively maintained at 30 kV and 20 mA. 

In Table 1, the atomic packing efficiency (AFE) was 
calculated according to the equations below: 

AFE = 𝜌𝜌𝑁𝑁𝐴𝐴𝑉𝑉/𝑀𝑀; (5) 

𝑉𝑉 = ∑𝑐𝑐𝑖𝑖 𝑣𝑣𝑖𝑖 = ∑𝑐𝑐𝑖𝑖
4
3
𝜋𝜋𝑟𝑟𝑖𝑖3; (6) 

𝑀𝑀 = ∑𝑐𝑐𝑖𝑖 𝑀𝑀𝑖𝑖, (7) 

where ρ is the mass density; V is the molecular volume; M 
is the molar mass of the molecule; Mi is the atomic mass; NA 
is the Avogadro constant; ci is the molar fraction of atom i; 
vi the volume of atom i, ri is the atomic radius. 

4. RESULTS AND DISCUSSION 
Fig. 1 shows the XRD spectra for some compositions of 

this study. Over the whole range of diffraction angle, no 
crystalline peaks appear. A broad diffraction peak typically 
occurs, which is characteristic of an amorphous structure. 
To obtain the diffraction angle at the maximum intensity, 
the background was first subtracted, and then the broad peak 
was fitted by a Voigt function [12]. A standard error less 
than 0.1° was usually met, and thus the influence of the 
fitting uncertainty could be neglected on the calculation of 
RBragg. The diffraction angle where the broad peak emerges 
depends on the composition; for example, in Fig. 1 a, La-
based MG has an angle of 31.12°, while the other samples 
have an angle of close to 38°. Interestingly, in Fig. 1 b, the 
diffraction halo maximum for CuxZr100-x thin films shifts to 
the high-angle side as the Cu content increases. 

 

Table 1. Summary of data on physical properties of various MGs (RBragg is usually measured with Cu Kα X-ray radiation) 

Composition Density, 
g/cm3 

Atomic 
packing 

efficiency 

Shear 
modulus, 

GPa 

Poisson’s 
ratio RBragg Ravg Ravg / 

RBragg Reference 

Metal-Metal 
Al86.5Ni4.5Y9 3.103 0.698 27  2.37 2.90 1.22 This work & [13, 14] 

Ca60Mg15Zn25 2.289 0.678   2.80  3.34  1.19 [6, 15] 
Ca65Mg15Zn20 2.05 0.654 10.3 0.306    [16, 17] 
Ca50Mg20Zn30 2.59 0.70   2.63 2.95 1.12 [18] 
Ce70Al10Cu20 6.4 0.697 11.3 0.329    [19] 

Cu50Zr50 7.33 0.710 30 0.36 2.34 2.87 1.23 This work & [20, 21] 
Cu59.7Zr40.3 7.66 0.720   2.25 2.76  1.23 This work & [22, 23] 

Cu57.5Hf27.5Ti15 9.91 0.717 37.3 0.356    [16, 24] 
La65Al14(Cu5/6Ag1/6)11Ni5Co5 6.12 0.737 14.5 0.365 2.87 3.46 1.21 This work & [11] 

Mg65Cu25Y10 3.28 0.712 18.9 0.329 2.37  2.93  1.24 [25, 26] 
Mg67Zn28Ca5 2.983 0.662 17.3  2.40 2.95  1.23 This work & [27, 28] 

Zr67Ni33 7.06 0.742 28  2.47  3.05  1.23 [29] 
Zr45Cu45Al10 7.204 0.742 35.4 0.359    [16, 30] 

Metal-Metalloid 
Fe80B20 7.31 0.699 65  2.02 2.52 1.25 [31, 32] 
Ni80P20 7.9 0.718 36.7 0.394 2.01 2.44 1.21 [33, 34] 

Pd77.5Cu6Si16.5 10.4 0.704 31.8 0.410 2.23 2.75 1.23 [35, 36] 
Pd40Cu40P20 9.3 0.721 33.2 0.402 2.17 2.67 1.23 [37, 38] 

Pd40Cu30Ni10P20 9.28 0.674 34.5     [39, 40] 
 



According to Eq. 4, this peak shift with the addition of 
Cu corresponds to a decrease in the average bonding length 
Ravg, which is attributed to the smaller size of Cu atoms than 
that of Zr atoms. A similar peak shift has been observed in 
systems with strong chemical interaction, such as Zr-Ti 
melts [41]. The values of Ravg for various compositions are 
summarized in Table 1. 

  
a 

  
b 

Fig. 1. X-ray diffraction patterns: a – Mg67Zn28Ca5, Al86.5Ni4.5Y9 
and La65Al14(Cu5/6Ag1/6)11Ni5Co5; b – CuxZr100-x with an 
inset of Diffraction angle vs Cu content 

The factors of some MGs are listed in Table 1. It should 
be noted that, as the factor is computed by dividing RBragg by 
Ravg, care must be taken to measure RBragg and Ravg. 
Regarding RBragg, it can be easily derived from a 
conventional X-ray diffraction pattern of the amorphous 
alloy; regarding Ravg, its derivation is somewhat 
complicated because the total pair distribution function 
(PDF) has to be measured at first, and then its first peak is 
deconvolved into partial ones (as shown in Fig. 2). The 
dotted curves indicate the experimental PDFs, and the red 
solid curves represent the fitting PDFs. At the bottom of 
each figure are the partial PDFs in color, which are derived 
from the deconvolution of the experimental PDFs. For MGs 
are isotropic systems, the partial peaks, which correspond to 
the respective atom-pairs, can be described by the Gaussian 
function [42]. The challenge lies in the fact that the atomic 
pair length is unknown. There are two ways to solve the 
problem: one is to refer to the literature as listed in Table 1; 
the other is to fit the experimental PDF. 
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Fig. 2. Pair distribution functions (PDFs) for various metallic 
glasses: a – Cu50Zr50 [43]; b – Fe80B20 [44]; 
c – Ca60Mg15Zn25 [6]; d – Zr67Ni33 [45] 



For PDF fitting, a good starting point is to use the 
assessed atomic radii [46] for determining the initial atom-
pair distance. Specifically, the main peak is split into 
Gaussian sub-peaks; the position, width, and height of sub-
peaks are adjusted so that the difference between the 
calculated PDF and experimental one is reduced to a 
minimum. 

The area fraction of each atomic pair is presented in 
Table 2. Obviously, they are approximately equal to the 
weight factors, indicating that the simulation of PDF is 
satisfactory. The deviation of fitting PDFs from 
experimental ones on the right sides is due to the 
contribution from the secondary nearest-neighbour shell 
[47]. From Table 1, most of the MGs have a value slightly 
different from that predicted by Eq. 4, implying that their 
atomic structures could deviate from the random packing 
model. The deviation is understandable because the random 
packing model does not take into account the chemical 
short-range order. For MGs containing multiple elements, 
unlike atoms, usually have an interaction different from like 
ones, leading to the change of local atomic configuration, 
and then the change of the first peak position [48]. 

Fig. 3 shows the relationship between RBragg and Ravg, to 
which a linear function of gradient of 1.22 has been fitted.  

  
Fig. 3. Relationship between average interatomic distance Ravg and 

Bragg radius RBragg 

It is known that the close packed face-centered cubic 
(fcc) lattice has such a ratio between the gap of closest 

lattice plane (111) and the atomic spacing. The coincidence 
indicates that the amorphous alloys have a dense packing 
structure. This statement is in agreement with literature 
reports that bulk metallic glasses (BMGs) usually have a 
density close to their crystalline counterparts [49, 50]. 
Nevertheless, it can be observed that two of the MGs in 
Fig. 3 appear to stay further away from the linear fitting line 
(as indicated by open circles), and both these alloys are Ca-
based. The reason for their deviation is attributed to the 
bonding nature. As reported by Senkov et al. [6], in Ca-
based MGs, the bonding between Ca and Mg is typically 
covalent, while for other MGs, metallic bonding is dominant. 

According to Eq. 4, an ideal random packing structure 
has a factor of 1.23, and it is also known that the ideal 
random packing efficiency is about 0.64. In consideration of 
these facts, it is interesting to note if there is a relationship 
between atomic packing density and the factor. Based on the 
data in Table 1, the ratio Ravg/RBragg is plotted against the 
atomic packing efficiency in Fig. 4. Two types of MGs can 
be readily identified: one is enclosed in the ellipse zone 
(named as Type I, the ellipse is a Pearson ellipse with a 
confidence 90 %) and the other is outside of this region 
(named as Type II). 

  
Fig. 4. Dependence of ratio Ravg/RBragg on atomic packing 

efficiency. The ellipse in red is a Pearson ellipse with a 
confidence 90 %. The red circles indicate Ca-based MGs, 
which have a covalent-bonding character 

 
Table 2. Summary of weight factors for some metallic glasses. Ravg is obtained by multiplying the atomic pair distance by its respective 

weight factors and summing them up 

Composition X-ray wavelength, nm Weight factor Area fraction Reference 

Cu50Zr50 0.0125 
WCuCu 0.177 0.132 

[20, 43] 2WCuZr 0.487 0.472 
WZrZr 0.336 0.396 

Fe80B20 * WFeFe 0.904 0.866 [44] 2WFeB 0.094 0.134 

Ca60Mg15Zn25 0.05599 (Ag Kα) 

WCaCa 0.317 0.352 

[6] 

2WCaMg 0.094 0.227 
2WCaZn 0.397 0.355 
WMgMg 0.007 0.028 
2WMgZn 0.059 0.029 
WZnZn 0.124 0.009 

Zr67Ni33 0.013 
WZrZr 0.553 0.729 

[45] 2WZrNi 0.381 0.262 
WNiNi 0.066 0.009 

 



Further analysis shows that Type I encompasses those 
alloys where metallic bonds dominates, while Type II 
mainly consists of covalent bonding pairs. The alloys of 
Type I have a factor that is dependent on atomic packing 
efficiency, i.e., the larger the packing density and the 
smaller the ratio; although this dependence is small, it is not 
negligible. 

Again, like the behavior presented in Fig. 3, the alloys 
with covalent bonds remain outside of the encircled region. 
The discrepancy is considered to lie in the different atomic 
arrangement in the first coordination shell. As has been 
explored by Cheng and Ma [51], the atomic bonding 
distance is the key factor governing the atomic 
configuration of the first shell (the configuration is 
characterized by coordination number, coordination 
polyhedral, and size). When the bonding nature switches 
from metallic to covalent, a shortening of the interatomic 
distance can be expected, and thus a change of the short-
range atomic structure is induced. In Ca-based MGs as 
quoted in Table 1, the majority of atom pairs are either Ca-
Ca, Ca-Mg or Ca-Zn, in which the interatomic distances are 
shorter than their respective metallic bonds due to the 
absence of long-range order [6]. Although this shortening 
exists in other MGs shown in Table 1, such as Fe80B20 (Fe-
B atom pair is partially covalent [51]), the Fe-Fe atom pair 
(where the interatomic distance is close to the addition of 
the metallic radii) is present in a large amount at the first 
shell (See Fig. 2 b) so that the total metallic bonding is 
significant. 

Between Ca60Mg15Zn25 and Ca50Mg20Zn30, the latter 
has a smaller correction factor. The reason is hidden in the 
skew normal distribution of the PDF first peak, as shown in 
Fig. 2. The skewness is attributed to the anharmonic and 
asymmetric interaction between atoms, and thus atoms at 
low r side are harder to spread than those at large r side [48]. 
Since Ca50Mg20Zn30 has more Zn and Mg atoms, the fraction 
of Ca-Mg and Ca-Zn pairs increases, and its first peak 
position is expected to shift to the lower r side as both pairs 
have a length shorter than Ca-Ca. The peak position is 
relevant to the weighted average Ravg as discussed in the 
‘Theory’ section, but not a good estimate of the mean bond 
length because of the skewness [52]. The effect of the mean 
bond length on the correction factor is left for future work.   

4. CONCLUSIONS 
The amorphous structure of metallic glasses is 

dependent on composition. In real amorphous alloys with 
predominantly metallic bonds, the distance between nearest 
neighbouring atoms is related to the Bragg equation λ/(2sinθ) 
by a factor of 1.22, slightly lower than predicted by the 
Debye equation. The lower factor is due to denser atomic 
packing. Further evidence for this was seen with two Ca-
based MGs, where the covalent bonding character leads to 
shorter interatomic distances and thus an even smaller 
factor. The findings could provide confidence to estimate 
the average interatomic distance using the conventional 
XRD data. 
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