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Calculation of Effective Permittivity and Optimization of Absorption Property of
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This paper focuses on the honeycomb cores with absorbing coatings, the effective permittivity is predicted and the
absorption property is optimized. The correctness of effective results is verified by experimental measurement,
numerical simulation and theoretical analysis. When honeycomb cores with absorbing coatings are regarded as layered
multi-phase materials, the upper and lower bounds of effective permittivity are calculated by the way of multi-step
equivalence. In order to exhibit the dispersion effect, the improved strong fluctuation theory is proposed. In the second
part of works, the size optimization is executed to improve absorption property. The optimization problem is defined that
the area T which is surrounded by the effective reflectivity curve and the boundary line (Ro =—10 dB) is maximized
under the upper bound constraints of reflectivity and volume fraction. The optimal effective reflectivity curve is obtained

within the given frequency range.

Keywords: honeycomb cores, absorbing coatings, effective permittivity, absorption property.

1. INTRODUCTION

In recent years, there has been an increase in the
demand for electromagnetic absorbing structures that must
have high stiffness-to-weight ratios and light weight. The
honeycomb cores with absorbing materials are able to meet
the requirements of the electromagnetic and mechanical
properties, which have been extensively used in different
structural applications including low-weight antenna
reflectors, radomes and other low observable structural
components. They are attracting more and more attentions
and researches [1—3]. The field responses can be obtained
by the full numerical means. However, it is very time-
consuming although this approach is accurate [4]. To
simplify  calculations on large components, the
electromagnetic property of honeycomb cores may be
represented by an effective permittivity tensor when the
periodic cell sizes of honeycomb cores are small enough in
comparison with the wavelength within the given
frequency range. Smith et al. [5] calculated the effective
electromagnetic parameters of dielectric honeycombs by
using the finite-difference time-domain technique with
periodic boundary conditions. And they pointed out the
impact of electrically large honeycomb cells on effective
permittivity failure. The permittivity of a typical two-
dimensional honeycomb core is invariant along the axis of
unit cells [6]. If the periodic cell sizes satisfy the
wavelength requirement, the transverse parameters are not
the simple spatial averages, but instead the weighted
averages with respect to the microstructure field
distributions among cell walls, air and absorbing regions
[71.

Early in 1972, Spiller [8] has studied the absorbing
materials, which were used as the low-loss coatings. The
matrix method was employed to calculate the
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electromagnetic characteristics of multilayer coatings.
Aiming at the single layer RAC (Radar Absorbing
Coating), Cao et al. [9] proposed two design rules to gain
the suitable electromagnetic parameters according to
practically applied background of coatings. Liu et al. [10]
adopted the transmission/reflection technique to measure
the electromagnetic parameters of single-layer absorbing
coatings within the desired frequency range. When the
absorbing materials are coated on honeycomb cores, the
advantageous electromagnetic and mechanical properties
can be also obtained simultaneously. He et al. [11] sprayed
the metal magnetic micro-powder (MMP) on honeycomb
cell walls. Zhou et al. [12] impregnated the honeycomb
frame with absorbing solutions. In the both works,
experimental results showed that the electromagnetic
parameters of honeycomb cores are determined by the
concentration of absorbing materials, coating thickness and
honeycomb sizes. Because of the periodicity characteristics
of honeycomb cores with absorbing coatings, the
homogenization method [4, 13—-15] based on two-scale
asymptotic expansion was used to compute the averaging
fields from full-wave electromagnetic simulation and
analytical calculation. The computational efficiency is
rather low. In the present work, several simple and
efficient methods are employed. The strong permittivity
fluctuation theory (SPFT) [16—19] with long-wavelength
approximation, which was originally developed for the
wave propagation in continuous random media, was used
to predict the effective permittivity of honeycomb cores
with absorbing coatings. Based on the perturbation
technique, the improved SFT was proposed to exhibit the
dispersion  effect. ~Combined  with  experimental
measurement and numerical simulation respectively, NRW
method [20, 21] and scattering parameter retrieval method
(SPRM) [22] were adopted to calculate the effective
permittivity. Lastly the absorption property of parametric
honeycomb cores with absorbing coatings is optimized by
using the global optimization method.



2. MODEL AND EFFECTIVE CALCULATIONS

2.1. Periodic honeycomb cores with absorbing
coatings

As shown in Fig. 1 a, the periodic honeycomb cores
with absorbing coatings are the standard regular hexagonal
structure. The unit cell can be considered as a three-phase
medium which is made up of matrix, absorbing coating
and air. The cross-section is shown in Fig. 1 b.

The electromagnetic properties of perfectly regular
hexagonal cells are transversely isotropic. Along the axis
of unit cell, the permittivity is invariant. The unit cell
geometry governs the electromagnetic properties of
honeycomb cores. In the effective model, the geometrical
sizes of unit cell satisfy the wavelength requirement. The
side length is taken as | =5.774 mm (I < A/4, f=12 GHz)
and the thickness of matrix is taken as t=1.0mm according
to the failure example of effective permittivity [5]. The
thickness of absorbing coatings is taken respectively as
d =0.225 mm, 0.45 mm, 0.675 mm, 0.9 mm, 1.125 mm,
1.35 mm, 1.575 mm and 1.8 mm.

The permittivities of matrix, absorbing coating and air
are taken as em = 4.0, &c = 12-j1.0 and ¢, = 1.0 respectively.
The simulation model is shown in Fig. 1 ¢. The incident
wave is along the axis of unit cell.

N 7 AN

Fig. 1. Periodic honeycomb cores with absorbing coatings

In the following sub-sections, several approximate
methods are used to predict effective permittivity. The
most widely known analytical approximation was derived
by Hashin and Shtrikman [23] using the variational
theorems. The strong fluctuation theory (SFT) applied
specially to random media [24] is based on the average
static field. Both NRW method and numerical simulation
are established on the inversion of scattering parameters.

2.2. H-S bounds

The Hashin-Shtrikman (H-S) upper and lower bounds
are the best obtainable bounds only using material
parameters &1 and &2 and volume factors v; and v, of two-
phase medium [4, 7].

g»:s = ‘91((1+V2)‘92 + (1_\/2)51 )/((l—V2)€2 + (1+ V2)€1) ; (1)

g =&, ((1+vl)g1 +(1-v)e, )/((1—v1)g1 +(1+v)s, ) (2)

Since the honeycomb cores with absorbing coatings
consist of three phase media, the multi-step equivalence is
executed. Firstly, the air and absorbing coatings are
equivalent to medium 1. The matrix is regarded as medium
2. And then media 1 and 2 are homogenized. Therefore,
there are four combining cases according to different
effective sequences of upper and lower bounds

2.3. Strong fluctuation theory (SFT)

The constitutive matrix of random medium in Maxwell
equations is a function of position. The effective
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electromagnetic properties depend on the correlation
function, which is used to describe the randomness of
scattering characteristics. The value of correlation function
approaches zero when the size of phase materials is far less
than the wavelength. The honeycomb cores with absorbing
coatings are distributed periodically and uniformly in the
x-y plane. The same orientation is along the unit cell axis.
The size of phase materials is less than a quarter of wave
length in the X wave band (8 —12 GHz). A given accuracy
of field magnitude is achieved [25]. The effective

permittivity e in the zero-order approximation is
determined by the following equation:

dvile —¢)/(g+¢e,)=0, ©))
i=1

where & is the permittivity of the i-th phase medium and v;
is the corresponding volume fraction. As there are two
phase materials (n=2), the effective permittivity is
calculated by

o= 5| (=) (=) + (v (6 e, e, | @)

According to the layered model, the effective
permittivity of honeycomb cores with absorbing coatings
can be obtained by two-step equivalence from Eq. 4.

The effective results by SFT and H-S upper and lower
bounds are shown in Fig. 2. In cases 1 and 2, the final
effective permittivities are on the basis of the upper bound
in the first equivalence. In cases 3 and 4, the final effective
permittivities are on the basis of the lower bound in the
first equivalence. When the thickness of absorbing
coatings is taken as the specific value at the intersecting
point, the upper bound equals to the lower one in the
second equivalence. In order to guarantee that the effective
values by SFT lie between the upper and lower bounds, the
effective H-S wupper and lower bounds should be
respectively taken as the maximum values from cases 1
and 2 and the minimum values from cases 3 and 4. It is
also known that the effective boundary values of
honeycomb cores mainly depend on the equivalent upper
and lower bounds of air and absorbing coating. Moreover,
it is noted that the difference of effective permittivities
becomes gradually large with the increase of coating
thickness. It indicates that the absorbing coatings play the

principal role in the effective electromagnetic properties.
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Fig. 2. Comparison of effective permittivities
2.4. NRW method

This method is established on the inversion of S
parameters from experimental measurement. Firstly, the
reflection () and transmission (T) coefficients are
calculated by Equations (5) and (7) after the reflection (S11)
and transmission (S21) coefficients are measured.



F=K+vK?*-1; (5)
K =(S," =S, +1)/(28,,); (6)
T =(Sy+S,-T)/(1-(Sy +S,)T); (7
1 [ 1T

rabLOlf ?

where h is the thickness of measured sample as shown in
Fig. 1c.

The complex permittivity and permeability can be
determined by 7"and T as given in Eq. 9 and Eq. 10.

=1+ 1)) (A@-T) WA -VAT); )

& =2 (VN +Y27) [, (10)
where 1o is the free-space wavelength and A is the cut-off
wavelength.

The experimental honeycomb cores with absorbing
coatings are shown in Fig. 3.

=
Fig. 3. Honeycomb core materials with absorbing coatings
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Fig. 4. Absorbing material: a — tested sample; b — wall thickness
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Fig. 5. Effective permittivity of absorbing material
~ x ‘

Fig. 6. Tested sample of honeycomb cores with absorbing
coatings

The matrix is aramid paper which permittivity em
equals to 1.23. The geometries are measured by Olympus
DSX100 Opto-Digital Microscope and the scattering
parameters are measured by AV3629D Microwave Vector
Network Analyzer. First of all, the permittivity of
absorbing coatings is calculated after measuring scattering
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parameters. A piece of pure absorbing materials is taken
for test as shown in Fig. 4. The thickness is to = 0.677 mm.
The effective permittivity is shown in Fig. 5. The mean
permittivity (real part) is taken as & =9.78. The
honeycomb cores with absorbing coatings are shown in
Fig. 6, the side length is | =1.83 mm; the thickness of
matrix is t = 0.067 mm; the thickness of absorbing coatings
is d = 0.197 mm; the axial depth is h =5 mm. As showed
in Fig. 7, the red line represents the effective permittivity.

2.5. Numerical simulation

The simulation model, which is built in the CST
Microwave Studio environment, is shown in Fig. 1 ¢. The
model sizes are same with the experiment sample. The
computational formulas of effective electromagnetic
parameters are obtained from the analytic expression of S-
matrix elements which are found from the elements of the
transfer matrix [22].

S, =S, =1/(cos(nkh) —i(z+1/z)sin(nkh) /2); (11)
S,,=S,, =i(1/z—1z)sin(nkh)S,, /2, (12)
where n is the refractive index and z is the wave impedance
of homogenous medium.

Eq. 11 and Eq. 12 can be inverted to find n and z in
terms of the scattering parameters as follows:

n=cos™ [(1—812l + 5221)/(2821)J/(kh) ;
7= \/((1+ s..)° -84)/((1-5.)" -5%).

According to the relation between n and z, the
effective permittivity and permeability of homogenous
medium are as follows:

(13)
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(14)

&, =n/z,u,=nz. (15)

The effective permittivity of honeycomb cores with
absorbing coatings is ¢. = 1.61 from the simulation results.
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Fig. 7. Comparison of different methods

With the same model, the effective permittivity is 1.6
by SFT. And the H-S upper and lower bounds are also
regained. From Fig. 7, the effective results have a good
correspondence. In  NRW method, the effective
permittivities are fluctuated slightly because of the
measured S parameters. And all these effective
permittivities lie between the H-S upper and lower bounds.



2.6. Improved strong fluctuation theory

Here, the model characterization in section 2.1 is used
again. The absorbing coatings and air are equivalent to
homogenous dielectric by Eq. 4. The effective permittivity
&r equals to 5.33. When the matrix of honeycomb cores
with absorbing coatings is metallic materials, the wave
propagation inside each unit cell is affected by the metallic
walls. They can be equivalent to metallic waveguides. The
propagation constants are dependent on the size parameters
of waveguide structures.

The cut-off frequency of the waveguide with the
arbitrary cross-section geometry is calculated from the
surface variation AS by using the perturbation technique.

fy =17 (1-AS/S). (16)
As shown in Fig. 8, the hexagonal cell is perturbed

into the rectangle or circumscribed circle waveguide
structures.

Fig. 8. Hexagonal cell and its perturbations

The effective permittivity of the rectangular
waveguide structure filled with homogenous dielectric is
expressed as [6]:

Eurs = & (1—(05 /wz)— jo/we, . (17)
The cut-off frequency of the rectangular waveguide is

f,=w,/27 = co\/(m/Za)2 +(n/2b)’ /\/; (18)
When Eg. 17 is used for the hexagonal cell, the

effective permittivity for the dominant mode is expressed
as

S = & —5(7/a)’ (¢y /@)’ [4. (19)
According to Eq.16, the cut-off frequency of
hexagonal cells for the dominant mode is

f,, =/5/4f,=6.289GHz .
In Eq. 18 and Eq. 19, a=1(1+2cosa), a = 7/3.

The effective permittivity of the circular waveguide
structure filled with the homogenous dielectric is expressed
as

. 2 .
Eettwz = Er _(pmn/R) Cg/a)z—JO'/CO&'O.
The cut-off frequency of the circular waveguide is

f.=¢ pgm/(ZﬂR\/;) .

When the hexagonal cell is perturbed into the
circumscribed circular waveguide structure, the effective
permittivity for the dominant mode is expressed as

' 2 .
Sy = &, —1.173( pnm/R) (Co/a))2 —jolwe, .
The cut-off frequency of the circular waveguide is
o, = J1.173 f.. =14.84GHz,
where R=l.

(20)

(1)

(22)

(23)

(24)
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For the dominant mode, p,, = p,, =3.832[26].

The depth of absorbing coatings is taken as d=1.8mm. The
effective results are shown in Fig. 9 from 5 to 30GHz. The
effective values of honeycomb cores with absorbing
coatings approach that of the filled homogeneous dielectric.
It indicates that the effective permittivity of honeycomb
cores is much smaller than that of absorbing materials. The
dispersion effect of effective permittivity attenuates with
the increase of frequency.

— SFT+Rectangular waveguide
SFT+Circumscribed circular waveguide

Permittivity value equals 5.331,

=30 Permittivity value equals zero.

Effective permittivity (real part)

-40

L I L 1 L 1 . L . L L
8§ 10 12 14 16 18 20 22 24 26 28 30
f(GHz)

6
Fig. 9. Comparison of effective permittivities

2.7. Discussion

As a type of multi-phase materials, honeycomb cores
with absorbing coatings can be equivalent step by step to
uniform dielectric materials. They can also be regarded as
the special random media which are homogenized by SFT.
With comparison to the transmission/reflection method
based on experimental measurement or numerical
simulation, the effective results have a good agreement. It
is proved that the effective calculations are valid and
practically significant. When the matrix of honeycomb
cores is equivalent to the rectangular and circumscribed
circular metallic waveguide structures by the improved
SFT, the dispersion effect of effective permittivity appears
clearly. The effective results also show that the size and
shape parameters of waveguide structures affect
propagation properties directly.

3. OPTIMIZATION PROBLEM

3.1. Description of absorption properties

Generally, absorption properties are characterized by
reflectivity or absorbing index. They depend mainly on
electromagnetic properties of absorbing materials and
geometries of absorbing structures.

The reflectivity is expressed as

R=20lg|(z-2,)/(z+1,);

Z:\/((l"' 811)2_5221)/((1_311)2_5 ) ’ (26)

where z is the wave impedance of effective medium and zy
is the air impedance.
The absorbing index is expressed as

A= Pabs/Pin :l_lsnl2 _|521|2! (27)
where Pays is the absorbed power and Pi, is the incident
power.

In order to improve the impedance matching and
efficiently optimize absorption properties, the reflection

index is chosen as the optimization objective.

(25)

2
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3.2. Optimization formulation

Through analyzing the influences of thickness d of
absorbing coatings, axial length h of honeycomb cores and
side length | on the reflection index respectively, it is found
that the best parameter combination can generate the
optimal absorbing properties. In order to seek the optimal
scheme, the genetic algorithms (GAs) based on the global
search are used.

The 90 % absorption lies in the X-band under -10dB
reflection loss [27]. When the reflection index R is less
than —10 dB, the absorption property mainly depends on
the bandwidth. As shown in Fig. 10, when the area T
becomes greater, which is surrounded by the effective
reflectivity curve and the boundary line (Ro = —-10 dB), the
absorption property is better between the bandwidth of
and .

-10dB

Ry T

Fig. 10. Description of objective function
First of all, it is assured that the reflectivity R of
optimized structures is less than —10 dB within the given
bandwidth. The optimization objective is to maximize the
area T under the constraints of sizes and volume fraction.
The optimization problem can be formulated as follows:
Maximize : T (I,h,d)
Subject to: R(®) <R,
vf <30%
3.0<h<8.0,10<1<3.0,01<d<0.3
The objective function is

T :I:p(w)|R(w)+ R0|da),
where p(w) is the weight function.
Assuming that
f(a)):p(a))|R(a))+ RO|. (30)
According to the compound quadrature formula, the
objective function is approximated as

(28)

(29)

_ n-1
T:%[f(a}l)uzuq)n(@)} (31)
n =
where
o =a+i(w,-a)/n ([(=012--n). (32)
The volume fraction of the coating is
I(1+cos@)+(2/sind-1/tan@)(lsingd—-t—-d) |d
ur, . [1(Lros6)+(2/sing -y o) IR
I? (1+cos8)sin &

The volume fraction of the matrix is
I(1+cos@)—t/sin@+t/(2tan @) )(lsin@—t/2
y, (1reos0)-sino+y(2ano))(isno-v2)
I? (1+cos)sin @

The total volume fraction of solid materials is
VE =Vf, +Vf, . (35)

3.3. Optimization results

Since the relation between objective function and
design variables cannot be expressed explicitly, the
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optimized designs are iteratively generated using genetic
algorithms (GAs) which are motivated by the principles of
natural genetics and selection [28].

Table 1. Design variables

Design Lower Initial | Convergence Upper
variables | boundaries | values values boundaries

h, mm 3.0 5.0 6.20 8

I, mm 1.0 2.0 2.576 3.0

d, mm 0.1 0.2 0.103 0.3

The final convergence values are listed in Table 1.
Convergence processes are shown in Fig. 11.

l . 30 .

9
8
! 25f T
6

20

th

T0 50 100 150 200 250 300 350 400 T0 0 500100 150 200 250 300 350 400

[terations

[terations
a

0035

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Iterations
c
Fig. 11. Convergence processes of a-axial length h of
honeycomb core; b-side length I; c-thickness d of
absorption coat; d - total volume fraction Vf

The minimum reflection index R equals — 35.41 at the
frequency point f=10.25GHz when the iteration
converges. The optimal effective reflectivity curve within
the X-band is shown in Fig. 12.

-5

Iterations

ok " Initial values e Optimal values |

Reflection index/dB

80 85 90 95 100 105 110 11,5 120
Frequency/GHz

Fig. 12. Optimal absorbing properties

4. CONCLUSIONS

In this paper, we firstly predicted the effective
permittivity of honeycomb cores with absorbing coatings
by experimental measurement, numerical simulation and
theoretical calculation. The effective results show a good
agreement. The upper and lower bounds were calculated
by the multi-step equivalence when the honeycomb cores
with absorbing coatings are regarded as the multiphase
materials. And the effective values obtained directly by the
strong fluctuation theory lie between the H-S upper and
lower bounds. It indicates that these methods are feasible
for calculations of the effective electromagnetic parameters
of honeycomb cores with absorbing coatings. Furthermore,
the cut-off frequency besides the effective permittivity was
obtained by using the improved strong fluctuation theory.



In the meantime, the dispersion effect was observed. Lastly
the absorption properties were optimized under the upper
bound constraints of volume and reflectivity within the
given frequency range. The minimum reflection index was
gained in the special frequency point.
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