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The bi-stable cylindrical composites, which are composed of the fiber-through-thickness variation functionally graded
material (FGM) subjected to a temperature gradient field, studied in the paper. The advantages of both of the FGMs’
adaptability for the temperature field variation and the bi-stability of the un-symmetric and anti-symmetric orthogonal
lay-ups are combined, the presented bi-stable structure has a potential application in many fields. The thermal-induced
bi-stable FGM un-symmetric and anti-symmetric orthogonal shell is studied by the finite element analysis. The different
FGM lay-ups are simulated successfully by the commercial finite element software ABAQUS and its subroutines. The
curved shapes, the temperature-load history and stress distributions are also given to understand this bi-stable

phenomenon.
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1. INTRODUCTION

As one of the applications of the polymer-based
composite materials [1—2], bi-stable structures have both
extended and roll-up stable configurations, which is
suitable for morphing structures, such as airfoil section for
the aerodynamic control [3], telescopic camera mount for
the inspection of nuclear power stations [4—5], and other
specialized potential application areas [6—13]. The bi-
stable structure can change from one stable state to another
stable condition by external work, piezoelectric patches or
shape memory alloy actuators. Analytical model
[10, 14—16] and numerical model [3, 15, 17] for the anti-
symmetric laminates and un-symmetric laminates have
been presented in these articles. Most of the analytical
model to predict the bi-stable composites is based on the
principle of minimum total potential energy, and multiple
local minimum values can be obtained when the total
potential energy of the structure is minimized. Each local
minimum value for the total potential energy corresponds
to a stable shape. It is suited to using the analytical method
for simple kind bi-stable plates and shells. However, for
complex structures and complicated environments, it is
necessary to use powerful nonlinear finite element analysis
software as the computational tools in order to predict and
determine the bi-stability characteristics of the composite
structures.

It’s known that the environment variation, such as
temperature and moisture etc., has a great influence on this
kind of structures [17—19]. When the bi-stable structures
subjected to a temperature gradient field, such as during
the curing process or some particular application fields, the
composite plate is heated up and subsequently cooled-
down to room temperature, the corresponding shape
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change happens. When the composite structures are
affected by proper temperature gradient field, then it is
possible to snap to another stable configuration. The
structures under a through-thickness temperature variation
can produce thermal deformations composed of in-plane
expansion and out of the plane bending.

Functionally graded materials (FGMs) [20-—22]
possess  excellently  mechanical  properties and
environmental resistance. By varying the fiber volume
fraction of the glass fiber polypropylene (Glass/PP)
functionally graded material within a symmetric laminated
shell to create a FGM laminated shell, the material
properties of this kind FGM shell continuous changes with
the material components along the thickness direction.

In this study, general equations of the bi-stable FGM
composites subjected to thermal load were explained.
Mechanical properties of functionally graded materials that
spatial gradient of fiber content through the thickness of
the structures have been investigated. Finite element
analysis method considering thermally induced bi-stable
structures was discussed using ABAQUS software and its
subroutines. The bi-stability of two different un-symmetric
and anti-symmetric orthogonal FGM shell examples was
simulated and discussed. The presented work will be
helpful for the designers to simulate the bi-stable FGM
shell structures correctly, predict its mechanical properties
easily and then control the bi-stable configurations

properly.

2. BI-STABLE FGM SHELL MODEL

For fiber-reinforced materials, the lamina engineering
constants including the elastic modulus and Poisson’s ratio
can be expressed in terms of the elastic modulus, Poisson’s
ratios, and volume fractions of the constituents [23].

Ell = Efo + Eme ; (1)
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where subscript f is for the fibers, m for the matrix. E is
the elastic modulus, G the shear modulus, u the
Poisson’s ratio, Ei1 is the longitudinal modulus, E2 is the
transverse modulus, 4, the primary Poisson’s ratio, and
Gaz is the shear modulus. V is the volume fraction which
has the relationship as below:

V,+V, =1. (6)
The macro mechanical properties of unidirectional
composites including thermal expansion coefficients can
be determined [24 —26],
aEV; +a,EV,
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where &;; and «,, are the coefficients of linear thermal

expansion(CLTE) along the fibers and across the fibers,
respectively.
For functionally graded shells, the material properties

P ™™ are also assumed to vary through the thickness of
the shell as a function of the volume fraction and
properties of the constituent materials. These properties
can be expressed as [21-22]:

K
P"(2) => PV, (2). )
j=1

where P; and V; are the material property and volume
fraction, respectively, of the constituent material j. The
volume fraction of all of the constituent materials should
add up to one [27]:

ivj =1.
j=1

From Eq.1-Eg. 10, the expression of the material
properties of the FGM shell along thickness direction z can
be expressed as

(10)

E"(2)=EV,(2)+E,V,(2), (11)
ts"(2) = Ve (@) + 14,V (2), (12)
fgm(z) EfEm (13)
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The glass-fiber-material reinforced polypropylene
[28—29] is researched in the presented work. The glass
fiber (GF) content in the composite continuously varies
through the thickness from 10 % to 30 % by volume or
from 30 % to 10 %. The bi-stable laminates are composed
of the anti-symmetric or un-symmetric through-thickness
Glass/PP FGM composite.

Bi-stable shapes can be obtained by using laminated
structures subjected to temperature gradient field.
Considering the geometric nonlinear behaviour, the
thermally induced strains-displacements relationship can
be written as
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where superscript 0 refers to the reference middle plane of
the laminate. u, v, w are the displacement components in
the x-,y-, z- directions, respectively.

The total potential energy (II) of a composites
structure in plane-stress subjected to thermal loads can be
expressed as

1_
I :-[/(E &S

where V is the structural volume, AT is the gradient of the
thermal loads. When the total potential energy of the
structure is minimized, two or multiple local minimum
values can be obtained.

In the theoretical framework of the classical laminated
plates theory [23,30-31]. The stress-strain relationship
accounted for thermally-induced deformations in laminate
coordinates for the kth layer is

-Qua;&AT)V (i,j=126),  (18)
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The equations in a contracted form can be written as

0=Q(e—0aAT), (20)

where 6 is the plane stress stiffness tensor, o, the thermal

expansion coefficients tensors.

The general forces and moments corresponding the
strains and curvatures of the thermo-elastic laminates by
the classical relations is given

N=Ac+Bik—N,;;
M=Be+Dxk-M,;,

(1)
(22)

where, N and M are the tensors of in-plane forces and
bending moments, ¢ is the strain tensor, k the tensor of
curvatures. Nar and Mar are the thermal stress and
moments resultants, respectively. The A, B and D matrix is
the elastic behavior in extension, coupling and bending,
respectively. The above matrices are given by the
following relations [32, 33]:
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3. NUMERICAL EXAMPLES
According to the Egq.10-Eq.15, the material

properties of every section point through-thickness are a
function of thickness-direction coordinate z. The material
properties of the upper surface (10% fiber fraction) and
bottom surface (30% fiber fraction) can be determined, as
shown in the Table 1.

The two different combination types of the two-layer
[0°/90°] unsymmetric FGM shell is investigated: 1) the GF
fraction along the thickness z direction change from lower
to higher then to lower (L:H:L type), as shown in Fig. 1 a;
2) the GF fraction along the z direction change from higher
to lower then to higher (H:L:H type), as shown in Fig. 1 b.

Table 1. Material properties of unidirectional composite

components
Young’s | poisson’s CTE. a Volgme
Modulus, ratio, /4 K"l "| fraction,
E, GPa ' \Y;
Glass " _
Fibers (1) | 2784 0.22 5.0x10 0.1~0.3
PP m‘m 14 0.34 90.5x10% | 0.9~0.7

ABAQUS software and its conventional shell element
S4R are chosen to mesh the FGM laminated composites.
Simpon’s rule is adopted for integration method. Nine
section points through the thickness of each layer and the
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material properties of each section integration points are
specified. Using the USDFLD subroutine, the
corresponding functionally graded material properties can
be attached to different section integration points. This
computational model is a geometric nonlinear problem, the
convergence depends on some control parameters. The
central point of the shell is constrained as the displacement
boundary condition.

0,
10% GF Layer2 (ply-angle =90°)
0,
30% GF Layerl (ply-angle =0°)
10% GF

a L:H:L type

0,
30% GF ﬁ Layer2 (ply-angle =90°)
10% GF Layerl (ply-angle =0°)

30% GF
b H:L:H type
Fig. 1. Two Types of Un-symmetric FGM shell

The geometry parameters of the FGM flat plates at the
initial state are: length L =151 mm, width B =149 mm,
and vertical direction layer thickness t;=t,=0.255 mm.
The model is meshed into 900 shell elements and 961
nodes by type S4R shell element. The mechanical
properties of the upper and bottom surface of one layer are
shown in Table 2. Assuming volume fraction linear
variation along the thickness direction, the corresponding
mechanical properties of every section point can get by the
Eqg. 11 - Eq. 16. The central node in the model is restrained
in all six degrees of freedom as the displacement boundary
conditions.

Table 2. Material properties of the upper and bottom surface of

one layer

Ei, Ea, Gu,

cPa | cpa | M2 | gpa | % 10e-6/K |02, 10e-6/K
10% | 4.04 | 1.55 | 0.34 | 0.58 34.40 82.35
30% | 9.33 | 1.96 | 0.33 | 0.73 17.56 66.05

3. 1. Two layer un-symmetric lay-ups
3.1. 1. L:H:L type

In order to predict the equilibrium shapes, the
procedure of the cool-down of the un-symmetric flat plates
is from high temperature to room temperature. The FGM
structure may be change to a stable state in the first step
which subjected to the whole temperature field variation.
Here, the first stable state is reached when the temperature
change from 180 °C to 20 °C, as shown in Fig. 2 b. Then
the temperature gradient field of constant surface
temperatures is imposed at the top and bottom surfaces.
The variation of temperature is assumed to occur in the
thickness direction only. Then when the temperature
gradient is AT =51 °C, the model shape change to another
shape after snap-through at the second step, as shown in
Fig. 2 c. When the temperature gradient is removed and the
initial room temperature field is reached, it is finally be the
second stable state at the third load step, as shown in
Fig. 2 d.



a — initial state b — first stable state

¢ — state subjected to
a temperature gradient field

d — second stable state

Fig. 2. Contour plot of the deformations and the von stresses
distribution

3.1.2. H:L:H type

H:L:H type FGM shell also cool-down from 180 °C to
20 °C, then after applied the temperature gradient
AT =48.75 °C, the second stable state is apparent. The
structure shows different bi-stable properties because the
different material component is varying along the thickness
direction.

3. 2. Four layer anti-symmetric lay-ups

The more complex model, four layer anti-symmetric
FGM shell, is studied in this part. The schematic
representations of the FGM shell both L:H:L type and
H:L:H type are shown in Fig. 3. Four anti-symmetric
layers, such as [0°/90°], and [90°/0°], combination model,
have discussed here. The geometry parameters of the FGM
flat plates at the initial state are: length L = 151 mm, width
B=149mm, and vertical direction layer thickness
ti=t,=t3=t,=0.175 mm. The model is also meshed into
900 shell elements and 961 nodes by type S4R shell

element.
10% GF Layer 4
Layer 3
30% GF Layer 2
10% GF | —Layer 1
a L:H:L type
30%GF [ -ers
L Layer 3
10% GF _Layer 2
30% GF | | ayer 1
b H:L:H tvoe

Fig. 3. Two types of anti-symmetric FGM shell
3.2. 1. L:H:L type

The L:H:L type four-layer FGM composites including
both [0°/90°]; and [90°/0°], have the bi-stable
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characteristics by the finite element simulation: 1) through
the cool-down from 180 °C to 20 °C , the first stable can
get, as shown in Fig. 4 first stable state; 2) the second
stable state can get if the temperature gradient
AT =139.3°C to both two model, as shown in Fig. 4
second stable state.

R~

first stable state second stable state

a [0° /90° ]

B

first stable state second stable state
b [90° /0° ]2

Fig. 4. Two stable states for the L:H:L type anti-sysmmetric
FGM laminates

3.2.1. H:L:H type

The H:L:H type four-layer FGM composites including
both [0°/90°], and [90°/0°], also considered. Through the
cool-down from 180 °C to 20 °C, the first stable state of
the [0°/90°], and [90°/0°], FGM shell can get, as shown in
Fig.5 first stable state. Then, the second stable state can get
if the temperature gradient AT =70°C on opposite
direction is applied to the [0°/90°], and [90°/0°], model,
respectively, as shown in Fig. 5 second stable state. Both
Fig. 4 and Fig.5 show that there is different curvature
direction and curvature radii for different kind of
numerical examples.

Table 3. Two stables’ curvature radii of the un-symmetric and
anti-symmetric FGM composites

Lay-ups FGM type ry, m rs, m
[0°/90°] L:H:L 0.050 0.048
[0°/90°] H:L:H 0.076 0.076
[0°/90°] 2 L:H:L 0.154 0.142
[90°/0°] 2 L:H:L 0.155 0.141
[0°/90°] 2 H:L:H 0.458 0.461
[90°/0°] 2 H:L:H 0.466 0.462

Table 3 gives the curvature radii of the first stable and
second stable states, rr and rs, respectively. The table shows
that the bi-stable characteristics are strongly influenced by
different lay-ups, fiber direction, material properties and
layer numbers. If we can predict the bi-stable behaviour



before producing, it is possible to manufacture bi-stable
FGM composites which mechanical properties fit our

Ll

first stable state second stable state
a [0° /90° ]2

N

first stable state second stable state
b [90° /0° ]2

Fig. 5. Two stable states for the H:L:H type anti-sysmmetric
FGM laminate

4. CONCLUSIONS

The bi-stability of the FGM shell subjected to a
temperature gradient field is discussed. At the second
stable state, the residual stress fields are retained in the
structure. The bi-stable characteristics influenced by the
fiber direction, the material properties, especially the
thermal expansion coefficient for temperature field control
the bi-stable problems, the lay-ups and the layer number.
The paper presented a methodology to predict and control
the equilibrium configurations of this kind laminates.
Different un-symmetric and anti-symmetric orthogonal
lay-ups numerical examples are discussed to show
successful load path that brings the structure from one
stable configuration to the other one.
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